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1 Introduction 

It is almost a safe bet to assume that most students, after receiving the first rudiments of Boolean 
calculus, wonder: "Why not more than two truth-values?" This question is both natural and vague; 
attempts to give an answer originated a lot of logical systems. Because of the original vagueness, it is 
not surprising that the answers range over a wide spectrum of possibilities, and that the borders of the 
discipline are not clear. Up to now, no many- valued system has imposed as the system of many- valued 
logic. The situation is analogous to that occurring in — say — modal logic, and the sizes of the relative 
literatures can be compared. 
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1.1 What is many- valued logic? 

The simplest and probably the best answer is the historical one: many-valued logic is the complex of 
studies that originated from the papers of Lukasiewicz and Post in the twenties. The idea underlying 
these studies is to extend the scope of classical logic by considering a set of truth- values larger than the 
usual {0, 1}. The new set may be finite or infinite and, in most cases, it will bear some order structure, 
making it a poset, or a lattice, or a chain, with a top element ("complete truth"), and a bottom one 
("complete falsity"). 

Some more conditions are generally assumed: 

1. there is a finite number of connectives, each one of finite arity; 

2. the connectives are truth- functional; 

3. connectives and truth- values have a "logical meaning"; 

4. fuzzincss phenomena are not present at the metalogical level. 

While the first condition does not require any particular comment, the second one restricts greatly the 
possible interpretations of many- valued systems. For example, probabilistic interpretations are ruled out: 
we may know that the probabilities of the events A and B are both 1/2, without being able to compute, 
in absence of information about the stochastic dependence of A and B, the probability of {A and B). 
In a similar fashion, an interpretation of the truth-values in terms of modalities is questionable. Take 
as an example Lukasiewicz's original interpretation of his three-valued logic (see Example 2.1.2): we 
have the truth-values 0, 1/2, 1, with 1/2 to be read as "possible", and a binary connective to be read 
as "implies" . Let us say that A is the proposition "Tomorrow it will rain" , while B is the proposition 
"Riemann's hypothesis will be proved in the next ten years" . In Lukasiewicz's interpretation, it is 
reasonable to assign the value 1/2 to both A and B. Now, most of us will agree to assign the value 
1 to both A ^ A and B ^ B, but surely we will feel uncomfortable in assigning 1 to ^ ^ B, as 
truth-functionality requires. 

The third condition in our list is deliberately vague. Actually, even during the first pioneering period 
of many- valued logic, when philosophical considerations lead the way. Post systems stood as examples 
of systems without such a "logical meaning" . Today, the debate about the "meaning" is more relaxed, 
and the stress is about the usefulness of this or that system. Also, there is a tendency not to consider 
a single system, but rather to formulate general theories about classes of systems. In our opinion, the 
relevance to be given to the third condition depends very much on one's own tastes. We only remark 
that many-valued systems have been introduced as extensions of classical, two-valued, logic. Most of 
them have values to represent "complete truth" and "complete falsity" and, if we restrict to these values, 
we get two-valued logic. If the truth- values are ordered in some way, and the connnectives are intended 
to parallel those of two-valued logic, then they must behave in a reasonable way. So, a "conjunction" 
connective will be isotone in both variables, an "implication" one will be antitone in the first and 
isotone in the second variable, a "negation" will be order-reversing. One may well let condition (3) drop 
altogether, but the price to be paid is a loss of some of the characteristics peculiar to the discipline, and 
a shift towards universal algebra and combinatorics. We refer to [81, §2.18] for a discussion about this 
issue and further references. 

Our fourth condition is intended to establish a distinction between many- valued logic and fuzzy logic. 
As both of these logics have — appropriately — fuzzy boundaries, this is not easily accomplished, but we 
put the question in the following terms. Fuzzy logic in the broad sense is everything concerning fuzzincss. 
In the narrow sense, it is the formal logical calculus of fuzzincss. We have to distinguish between the 
cases where fuzziness is present at the logical level (the level of the calculus and its semantics) from the 
cases where fuzziness is present at the metalogical level (the level of the construction of the calculus and 
its semantics). For example, we may have a fuzzy statement A which is an axiom of the theory T in 
a crisp way (i.e., A belongs to the axiom set of T with degree of membership 1), or a crisp statement 
B which is an axiom of T in a fuzzy way (i.e., B is an axiom with degree of membership =/= 0, 1), or 
any one of the possible combinations. In other words, we distinguish between truth and belief. Think 
of some person showing us a picture: the picture may be out of focus, and the person's hand may be 
trembling. Every combination of effects may take place, and it is important to recognize from where the 
out-of-focus effect originates. In many-valued logic, the hand is always steady: no fuzziness phenomenon 
is to be expected at the metalogical level, and a set is fuzzy only if it is the realization of a predicate 
symbol in a structure (see §2.6). We will return to this and related issues in the last section. 
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1.2 How this survey is organized 

In recent years, due to applications in computer science, many-valued logic attracted renewed interest. 

The literature, which was already large, has grown considerably. Many-valued systems arc now being 
applied in fields like circuit verification [42], analysis of communication with feedback [67], [68], logic 
programming [28], [20], [29], artificial intelligence [33], program verification [9], non-monotonic reaso- 
ning [94], [23], [91], natural language processing [8], [88]. 

We have decided to give the basic definitions at the propositional level, and to sketch the extension 
to the predicate case in a separate section (§2.6). As a matter of fact, we feel that the main ideas and 
problems can be better understood at the propositional level. Moreover, we have completely omitted 
some issues that are of specialized interest and are conveniently treated in the literature. In particular, 
we have omitted the use of many-valued logic to prove the independence of axioms in propositional two- 
valued logic [17], [36], and the attempts towards a many- valued formulation of the comprehension axiom 
scheme in set theory (see [104, §2.14], [113] and references therein). Also, we do not discuss many-valued 
modal logic; see [30], [31], [102], [100], [73], [86], [63]. 

We develop the basic semantics in §2.1, and we present some proof theory of finite-valued systems 
in §2.2. We assign a section to each one of the two most studied systems: the Post system (§2.3), and the 
Lukasiewicz one (§2.4). §2.5 is devoted to a very short selection of some of the other systems; see [83], 
[81], [12], [36], [57] for many more examples. 

The third part is devoted to the algebraic theory of MV-algebras, and is more mathematically orien- 
ted; people not interested in MV-algebras may just skip it. Conversely, one can read the third part just 
after having read sections §2.1 and §2.4. 

In the last section we sum up our discussion, and try to give motivations for many-valued logic. 

The References section is by no means exhaustive; we refer to [81], [111], [110], [12], [36], [57] for 
comprehensive bibliographies. 

I would like to thank most sincerely Reiner Hahnle, Petr Hajek, Daniele Mundici, Vilem Novak, 
Zbigniew Stachniak, and Richard Zach, who read previous versions of this survey and provided extremely 
valuable comments and very constructive and detailed criticism. 

2 General theory 

A language L for a propositional many-valued logic is given by: 

1. a finite or denumerable set p,q,r, . . . of propositional symbols; 

2. a finite set of connectives Ci, . . . , c^, with Cj having arity u, > 0. 

The set FORM{L) of formulas in the language L is defined as usual: any propositional symbol is a 
formula and, if c is a connective of arity u and Ai, . . . , are formulas, then cAi . . . A^ is a formula. 

In specific examples, we always have connectives of arity at most 2, and we write binary connectives 
using infix notation. We also use left and right parentheses according to the standard conventions; so, 
e.g., p ^ qp is written p — > (g — > p). We use A,B,C,... to denote formulas, and F, A, . . . to denote 
sets of formulas. 

A logical matrix for i is a system A4 = {M,D), such that M is an abstract algebra of type 
(ui, . . . ,Um) (i.e., a set M together with a collection of fimctions , . . . ,c^, with cf^ : M"' M), 
and D is a subset of M. The elements of M are to be thought of as truth-values, while D is the set 
of designated truth- values. Oary connectives are regarded as logical constants, i.e., elements of M. By 
a standard abuse of notation, we drop the superscript in referring to c^, . . . , ; in other words, we 
use the same symbol to refer both to a connective and to the function on the truth-values associated to 
that connective. We always assume that M has cardinality at least 2, and we say that the pair [L, A4) 
constitutes a propositional many-valued logic. 

2.1 Semantics 

A structure for {L,M) is a mapping a from the set of propositional symbols to the algebra M. Any 
structure extends to a homomorphism from the absolutely free algebra FORM{L) to M in the standard 
way. 

If r is a subset of FORM{L) and A is a formula, then we say that A is a semantical consequence of 
r with respect to A4, and we write T \=m A, if the following holds: 
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for any structure a for {L,M.), if (j{B) G D for every B e F, then (t{A) G D. 

To simplify notation, we write Bi,. . . ,Br \=m ^ for {B\, . . . , Br} \=m A- We say that A is valid if 
^_A4 ^, and wc say that A is satisGablc if there exists a structure a with (t(A) G _D. 

If the matrix A4 is finite (i.e., M is finite, say of cardinahty n), then we identify M either with the 
set n = {0, 1, . . . , n — 1}, or with the set 7„ = {0, l/(n — 1), . . . , (n — 2)/(n — 1), 1}, depending on the 
context or the tradition. 

Example 2.1.1 Classical logic. Consider the matrix B = (2, {1}), where 2 = {0, 1} is the two-element 

Boolean algebra in the language (V,-i). Then the relation |=e is just ordinary Boolean semantical 
consequence, and the set of valid formulas is the set of Boolean tautologies. 

Example 2.1.2 Lukasiewicz's thrcc-valucd logic. We have a binary connective — »■ (implication), and a 
unary one -> (negation). The matrix £3 = {1}) is defined as follows: 
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We consider J3 to be totally ordered (0 < 1/2 < 1), with representing "complete falsity" and 1 "com- 
plete truth". Observe that if restricted to {0, 1}, behave like classical implication and negation. 
It follows that the algebra I3 is not functionally complete; for example, no term built up from — », -1 may 
represent the function : /s — > /s whose value is constantly 1/2. 

Definition 2.1.3 A consequence operation is a function C from the powerset of FORM{L) to itself 
such that: 

1. r c c(r); 

2. C((7(r)) = C(r); 

3. r C A implies C(r) C C(A). 

r is consistent if C(r) =^ FORM{L). C is: 

• structural if, for every substitution a of formulas for variables, we have a.{C{T)) C C{a(T)); 

• compact if A e C{T) impUes that there exists a finite subset Fq of F such that A e C(Fo); 

• uniform if the following holds: 

if A e C(F U A), F is consistent, and F does not share variables with A U {A}, then A e C(A). 

We defined a logic to be a pair {L,A4). A more general approach would be to define a logic to be 
a pair {L,C), where L is a language, and C is a consequence operation on FORM{L). As a matter of 
fact, for any matrix AA, the mapping Cm defined by 

Cm{^) = {Ac F0RM{L) ■.T'^mA} 

is a consequence operation. Let C be an arbitrary consequence operation. We say that M is weakly 
adequate for C if C(0) = C^(0), and say that M is strongly adequate for C if, for every F, C{T) = 
Cm (r) • The consequence operations for which there exists a strongly adequate matrix are characterized 
in [54], [108]. Note that these strongly adequate matrices may well be uncountable (see §2.5.2). The 
book [109] is a basic reference for the theory of consequence operations. 
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2.2 Some logical calculi 

Suppose we are given a logic {L, A4). If the set of valid formulas is recursively enumerable, it is natural 

to ask for a good calculus. Depending on one's own tastes and needs, good may mean elegant, efficient, 
easily implemented, cut-free, with cut elimination, or what else. If the set of valid formulas is recursive, 
then one looks for a good decision procedure. Of course, if the matrix is finite, then truth-tables yield a 
decision procedure, which is generally unsatisfactory, due to computational costs. The first many- valued 
calculi were Hilbert-style. There was always an implication connective around, and the only rule of 
inference was modus ponens. Due to the obvious computational drawbacks of this approach, analytic 
systems were developed (tableau and sequent systems), where the matrix semantics is closer and the 
distinction between designated and undesignated values loses its importance. 

It is significant that the development and analysis of finite- valued calculi is leading to a clarification 
and new insight into the structure of classical two- valued calculi. As an example of this feature, we cite 
the unifying approach to sequent, natural deduction, and tableau calculi developed by Baaz, FermiiUer, 
and Zach [2], [3], [114]. 

Practically every calculus for 2- valued logic has been extended to many- valued systems, at least 
for specific logics. We have various forms of Hilbert-style calculi, sequent calculi, natural deduction, 
resolution, both at the prepositional and at the predicate level. Recent proof systems tend not to 
concentrate on a single logic, but rather to be flexible enough to be applied to a wide range of logics. We 
will sketch a few systems of this sort, namely sequent and tableau calculi, and resolution. All of them 
are general-purpose calculi, i.e., if specialized to any finite matrix, they give a calculus which is sound 
and complete with respect to that matrix. If the matrix is not finite, then the axiomatization is more 
complex and Hilbert-style systems regain importance. In §3 we will address this issue in one specific 
case, namely the infinite- valued logic of Lukasiewicz. 

We first need some definitions: assume we are given a fixed finite matrix A4 of cardinality n. A 
signed formula is a formula in the language L, labelled with a truth-value; for example, if ^ is a binary 
connective in L and M = {0, 1, 2, 3}, then {p — > q)^, {p q)^, q^ are distinct signed formulas. A literal is 
a signed formula in which the labelled formula is a propositional symbol. A signed formula expression is 
a Boolean combination, with connectives V, A, of signed formulas. Any structure a for (L, ^A) induces 
a mapping a from the set of signed formulas to the two-element Boolean algebra, by naturally setting 
(7(^*) = 1 if and only if (t{A) — i. The mapping a extends to the set of all signed formula expressions in 
the obvious way. We say that the signed formula expressions E, F are equivalent, and we write E = F, 
if, for any a, we have a(E) — '^{F). Of course, if E, F arc equivalent as Boolean formulas, then E = F. 

As, for any formula A and any truth- value i, ~^{A^) = Vj^i ^"'j it follows that, for any signed formula 
expression E, wc may find an equivalent signed formula expression C which is in conjunctive normal 
form (CNF) and does not contain the connective By applying the distributive laws to C, wc obtain 
an equivalent signed formula expression D which is in disjunctive normal form (DNF) and docs not 
contain Note that, for a given E, neither C nor D are imiquc; we refer to [114, §1.5], [40, §4.5] for a 
discussion about techniques to minimize their length. Note also that wc tacitly apply the commutative 
and associative laws for V, A to signed formula expressions in CNF and DNF; in other words, we assume 
that we are actually working with sets of clauses. 

Let c be a connective in L of arity u, let pi, . . . ,p„ be propositional symbols, and let z be a fixed 
truth-value. By examining the truth-table for c, we may easily construct a signed formula expression T, 
containing only signed formulas from the set {pi 1 < r < u, j € M}, and such that {cpi . . - Puf = T . 
By the above observations, we may construct two (non-unique) signed formula expressions C,D such 
that: 

1. C, do not contain -■; 

2. C, D contain only literals from the set {p^ : 1 < < w,i G M}; 

3. C is in CNF and D is in DNF; 

4. T,C,D are equivalent as Boolean formulas, and hence they are all equivalent to {cp\ . . .p„)'. 
We call C an ith CNF for c, and D an ith DNF for c. 

Example 2.2.1 Let c be implication in Lukasiewicz's three-valued logic. Then: 
{p^qf=p^Aq^- 
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{p ^ 9)1/2 = (pi/2 ^ ^0) V (pi A gV2) = (pi/2 V pi) A (pV2 V ^1/2) A {q^ V p^) A (9° V gV2) = (pi/2 v 
gV2)A(90Vpi); 

(p ^ g)i = pO V gi V (pi/2 A gi/2) = (pO V V pV2) a (pO V V gV2). 

2.2.1 Sequent and tableau calculi 
Sequent calculi 

Let us fix a finite matrix A4 — (M, D) of cardinaHty n; without loss of generality, we denote the 
elements of M by 0, 1, . . . , n — 1. A sequent is a finite set of signed formulas; we use G, F, H to denote 
sequents. We write G,F fov GUF and G, A' for GU {^4*}. We sometimes write a sequent G in the form 
To ^ Ti ^ ■ • ■ ^ r„_i, where 

Ti = {A : G G}; we use this notation mainly if we think of the truth-values as a totally ordered 
set, with standing for the falsest value, and n — 1 for the truest. 

A structure a satisfies G if ct(V G) = 1; in other words, if there exist 1 < i < n — 1 and A €Ti such 
that (7{A) = i. A sequent is va7id if it is satisfied by every structure. If F is a finite set of formulas, 
and ^ is a formula, then F |=>i A iff the sequent So Si • • • ^ S„_i, where T,i = A if i € D and 
Ej = r if i ^ £), is valid. In particular, A is valid iff the sequent {A^ : i e D} is valid. It is clear that 
the definitions of satisfiability and validity for an ordinary two- valued sequent fall into this framework. 

Let c be a connective of arity u, and let i be a truth- value. Choose your favorite ith CNF for c, say 
(cpi . . -PuY = A I?2 A • • • A Dh, where each Dg is a disjunction of literals from the set {p^ : 1 < r < 
u,j e M}. Then Di A D2 A ■ ■ ■ A is naturally associated with the following introduction rule for c at 
place i: 

G,Fi G,F2 ••■ G,Fh 
G, {cAi...A^y 

where G is an arbitrary sequent, and Fg is the sequent obtained from the disjunction (thought of as 
the set of its disjuncts) by substituting A^ for p^, for all 1 < r < w and j € M. 

Example 2.2.2 The l/2th CNF for — > in Lukasiewicz's three-valued logic in Example 2.2.1 is associated 
with the rule 

r => A. .1, B ^- s r. ^- A ^ £. A 
r^A,A^B^T, 

Definition 2.2.3 A sequent calculus for a prepositional many-valued logic 
(L,j\4), where is a finite matrix, is given by: 

1. all the sequents {A^ : i e M}, for all formulas A, as axioms; 

2. the weakening rule: 

G 
G,F 

3. for each connective c and each truth-value i, an introduction rule for c at place i; 

4. for any truth- values with i ^ j, the cut rule: 

G, A' F, A^ 

Of course, the above rules are sound, i.e., preserve satisfiability; for any structure a, if a satisfies all 
the premisses of a rule, then 

it satisfies the conclusion. The axioms are valid because any formula must take at least one truth- 
value, and the cut rule is sound })ecause no formula takes more than one value. Hence only valid sequents 
are provable. Conversely, every valid sequent is provable without cuts [3, Theorem 3.2]. 

These rules are far from unique. If we consider sequents as sequences of signed formulas, or multisets 
of signed formulas, then we need exchange and/or contraction rules. One might also allow introduction 
rules for c at place i in the form 

Gi , f 1 G2, F2 ■ ■ ■ Gfi , Ffi 
GuG2,...,Gh,{cA,...A^y 
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thus letting weakenings be implicit in the introduction rules. 

A third possibility is to drop the weakening rules by taking all scquents of the form G, {A^ : i G M} 
as axioms, for A any formula and G any sequent. In this last case, the only rule in Definition 2.2.3 
that remains not invertible is the cut rule (we recall that a rule is invertible if it preserves and reflects 
satisfiability: a structure satisfies all the premisses iff it satisfies the conclusion). The cut elimination 
and the midsequent theorems are proved in [3]. 

Albeit not invertible, the following rules — together with axioms and weakening, but no cut — provide 
a complete sequent calculus for finite- valued logics [84] , [98] , [99] : 

for any M-ary connective c, and any truth-values ii, . . . , i„, 

G,A{^ G,Ai^ ••• G,Ai^ 
G, {cAi . . . A^y 

where i = c{ii, . . . , i„). 

As a final reference, we cite the hypersequent approach to three- valued logics described in [1] . 
Tableau calculi 

The sequent calculi introduced above do not need any elimination rule. For this reason they can be easily 
dualized, yielding semantic tableau calculi [96], [97], [13], [14]. As before, a sequent (in this context, we 
also say a node) is a finite set of signed formulas. Whereas in the sequent calculus we think of a sequent 
as the disjunction of its elements, in the tableau approach we think of it in conjunctive terms. We say 
that the structure a satisfies the node G if W{/\ G) = 1, i.e., for every < z < n — 1 and every A such 
that A^ e G, we have a-{A) ^ i. G is unsatisGablc if no a satisfies it. 

Tableau calculi are refutational calculi; in order to prove Bi, . . . , Br \=m we prove the following: 

for all mappings (p : {Bi, . . . , Br, A} M such that (p{Bi), . . . , f{Br) € D and ^p{A) ^ D (these maps 
are finite in number), the sequent Bf^^^ \ . . . , Br^^^\ ^vl^) jg unsatisfiable. 

In particular, the formula A is valid iff all the sequents A% for i € M \ D, are unsatisfiable (in plain 
words, no structure assigns a nondesignated truth- value to A). 

In order to prove that G is unsatisfiable we construct a downward tree, whose root is G, and such 
that, for any node F whose immediate successors are Fi, . . . , Ffi, and for any structure a, a satisfies F 
iff a satisfies at least one of Fi , . . . , F/j . Rules for determining, given F, suitable immediate successors 
of F can be formulated by dualizing the introduction rules for the connectives in the sequent calculus. 
Let c be a connective of arity u, i a truth-value, Gi V • • • V G?i an ith DNF for c. Then Gi V • • • V G/j 
induces the following eUmination rule for c at place i: 



G, (cAi...A„)^ 




G,Fi G,F2 G,Fh 

where {cAi . . . AuY ^ G and Fg is the sequent obtained from the conjunction Gg (thought of as the set 
of its conjuncts) by substituting A^ for p^, for all 1 < r < w and all j £ M. 

Example 2.2.4 The l/2th DNF for in Example 2.2.1 induces the rule 



G, {A -> B)i/2 




G,A^/\B° G,A\B^/^ 
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For comparison's sake with the corresponding sequent calculus rule, we write the rule as 




r,S^A,y4=>S T ^ A,B ^i:,A 

It is clear that, whichever sequent we take as the root, the process of constructing the tree cannot 
run indefinitely, and we will reach a position where no rule can be further applied. This happens when 
every leaf F in the tree is terminal, i.e., the following hold: 

• either the only signed formulas in F are literals; 

• or every signed formula in F which is not a literal is of the form (cAi . . . for a connective c 
and a truth- value i for which there is no elimination rule for c at place i (i.e., the empty disjunct 
is an ith DNF for c or, equivalently, c never takes the value i). 

Given a terminal leaf F, we say that the corresponding branch is open if F contains only literals and, 
for no p, i,j with i ^ j, F contains both p' and p^; otherwise, we say that the branch is closed. Assume 
we have a tree whose root is G and whose leaves are all terminal. Then, for any a, a satisfies G iff a 
satisfies at least one of the leaves. G is unsatisfiable iff all branches are closed, whereas, if F is a leaf 
whose branch is open, then any a such that (cr(p) = i iS p^ & F) satisfies G. 

These ideas are trivially modifiable in various ways; it is usual to write the elimination rule for c at 
place i in the form 




where the slash sign means that the occurrence of {cAi . . . A^Y has been used and does not appear any 
more in the branches through it. We close a branch as soon as a formula appears in it signed by two 
different truth- values, and we take as the final leaf the set of all signed formulas still appearing along 
the branch. 

In [39], Hahnle introduces the idea of using sets of truth- values as signs. Define a sign to be a 
nonempty subset S of M. A signed formula is now an expression of the form A^; its intended meaning 
is that the formula A takes a truth-value in S. We say that the structure a satisfies A^ if <t{A) € S; the 
old signed formula A'' correspond to the new 

Let V{M) be the algebra, of the same similarity type as A/, whose elements are the nonempty 
subsets of M. If c is a connective of arity u and Si, . . . ,Su G V{M), then c(5i, . . . , Su) is defined to 
be {c{ii, . . . ,iu) - it 6 St}. Choose a subalgebra S of V{M); S will constitute the set of signs of our 
tableau calculus. For any S € S and any connective c, one constructs an Sth DNF for c, meaning a 
signed formula expression of the form Ci V • • • V C^, where each Cg is a conjunct of signed formulas from 
the set {p^ : 1 < r < u,T € S}. The condition to be fulfilled is that, for any a, a satisfies {cpi . . .pu)^ 
iff there exists s such that a satisfies all the signed formulas in Cg. As before, Ci V • • • V C/j induces a 
tableau elimination rule for c at place S. 

Example 2.2.5 Consider Godel's three-valued logic of §2.5.2. We want to construct an elimination rule 
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for A at place 1/2. In the old formulation we have the rule 



(AAB)V2 




^1/251/2 ^1/251 



Let 5 be the subalgebra of ViQs) generated by {{1/2}, {1/2, 1}}. Then we obtain the rule 




^1/2,^1/2,1 



^1/2.1,^1/2 



The construction of a tableau gets modified in a straightforward fashion. For example, we close a 
branch as soon as: 

• either a formula {cAi . . . appears along the branch and no elimination rule for c at place S 
is defined; 

• or the branch contains signed formulas ^4^^ , . . . , A^'* with Si D ■ ■ ■ (1 Sh = 9- 

The resulting system is sound and complete [40] . In order to prove that the formula A is valid, we do not 

need any more to construct, for each nondesignatcd truth- value i, a closed tableau for A^ , but a single 
closed tableau for A^\^ will do (provided M\D e S). What are the advantages of the sets-of-signs 
method? The new rule in Example 2.2.5 not only has fewer conclusions, but it is a /3-rule, in the sense 
of [89]. If for a certain class of logics wc can formulate tableau systems using only a and (3 rules, then 
the resulting uniform notation makes it possible to prove certain desired properties in a uniform manner. 
The disadvantage of the method is of course the increase in the number of signs. Hahnle introduces the 
class of regular connectives (roughly, connectives which — in the sets-as-signs presentation — admit an 
a or /3 tableau elimination rule), and proves that the class of finite- valued logics expressible in terms 
of regular connectives only is quite large. As a matter of fact, for each n, the functionally complete 
Post n- valued logic has a formulation in terms of regular connectives [40, p. 69]. See also [38] for an 
up-to-date introduction to tableau methods in many-valued logics. 

2.2.2 Resolution calculi 

Let A4 = (M, D) be a fixed finite matrix. Suppose that it is possible to construct, for every finite set of 
formulas F and every formula A, a new finite set of formulas R{T, A) such that 



Then the problem of determining the validity of F \=j^ A is reduced to the problem of the satisfiability 
of R{T,A). Observe that, since we are dealing with finite matrices, the relation F \=m A is decidable. 
Hence, it is always possible to construct an appropriate R{T,A), and the above reduction makes sense 
only if passing from (F,^) to R{r,A) is "easy"; this is the case for most common logics. A sufficient 
condition is the following: 

• there exists a formula N{p) e FORM{L) whose only sentential variable is p, and such that, for 



r \=M A ifl[ R{r, A) is unsatisfiable. 



every i & M. 



ieD iff N{i) ^ D. 
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Indeed, assume that such a formula exists. Then we have 



Bi,...,BrhMA iff Vc7((7({Bi,...,BJ) 2 or G L>) 

iff Vct((t({Bi, . . . , Br}) IDov a{N{A)) ^ D) 
iff {Bi, . . . , Br, N{A)'\ is unsatisfiable. 

Example 2.2.6 For classical logic, just let N{p) = -^p. Functional completeness of Post's n- valued logic 
(see §2.3) guarantees the existence of an appropriate N{p), while for Lukasiewicz's n- valued logic one 
can take 

N{p) = p^ (p^ {p-> > {p-> -^p))) 

(n — 1 implication signs). 

Let r be a finite set of formulas; we want to use the resolution rule to determine if F is satisfiable. 
There are two main approaches: the clausal one and the non-clausal. 

The clausal approach 

Let A be a formula, and let . . . , v} be the set of designated truth-values. We construct a signed 
formula expression Ea such that: 

• Ea is in CNF, does not contain the connective and contains only signed formulas of the form 
p^ , for p a prepositional variable appearing in A, and j a truth- value; 

• V--- VA*'- =Ea. 

Such a signed formula expression can be constructed by induction on the complexity of A, using appro- 
priate ith conjunctive and disjunctive normal forms for the connectives. Boolean equivalences can be 
used freely, and moreover: 

• subexpressions of the form A B^ , with i ^ may be replaced by false; 

• subexpressions of the form B^^ V • • • V B*", with {ii, . . . , i„} = the set of all the truth-values, may 

be replaced by true. 

Example 2.2.7 Let us work in Lukasiewicz's three-valued logic. Then: 

= pO V (p ^ -p)i V A (p -> -p)i/2) 

= p° V/ V {^pf V A (-p)i/2) V (pV2 /V (pi/2 V (^p)V2) A (pO V {-^pf)) 
= (p°Vpi/2)A(p°Vpi/2vpi) 

Let r be a finite set of formulas. In order to test the satisfiability of F wo proceed in two stops: 

1. for each ^ G F, we construct Ea as above, and we set E^ to be the set of all disjunctions that 
appear as conjuncts in some Ea- As it is usual in the resolution literature, we drop the connective 
V, and wc regard Ey as a set of clauses. Et can be seen as a logic- free equivalent — with respect 

to satisfiability — to F; 

2. we apply the resolution rule to the clauses in E^. The rule has the form 

D,D' 

where D,p'^ and D',p> are previously deduced clauses, and i ^ j. 

It is not difficult to prove the completeness of the resolution rule: a finite sot of clauses is unsatisfiable 
iff the empty clause is derivable from it. As the set of clauses derivable from a finite set is finite (no new 
literal is ever added), this yields a decision procedure for satisfiability. We refer to [62], [2], [71], [41] for 
further references and the extension to the predicate case. 
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The non-clausal approach 

In non-clausal resolution systems we do not convert the set T into clausal form. Instead, we consider a 
pair {V, T) such that: 

• y is a finite algebra, of the same similarity type as the algebra M; 

• the elements of V — which are called veiiRers — are formulas in the language L; 

• ^ is a family of subsets of V, and a subset of V is unsatisfiable iff it extends an element of J^. 

We fix an enumeration Wi, . . . , Wh of the elements of V. The resolution rule induces a branching process, 
and it is applied to F in the form 



A^{p),A2{p),...,Ah{p) 




A^iW^) Ah{Wh) 

where Ai{p) , . . . , Ah{p) are previously deduced formulas, not necessarily distinct, sharing a common 
variable p which does not occur in Wi, . . . , Wh. The idea behind the rule is that {Ai(p), . . . , j4^(p)} is 
satisfiable iff, for some I <i <h, {Ai(ji), . . . , Ah{p), As(Ws)} is satisfiable. 

In addition to the resolution rule, we have transformation rules. These are simply the tables defining 
the connectives in V, so that if c is a connective of arity u, Ti, . . . ,Tu & V, and c(Ti, . . . , T„) = TmV, 
then we can simpliiy A{cTi, . . . , T„) to A{T). 

The computation proceeds by constructing a tree, whose nodes are labelled by finite sets of formulas. 
The root of the tree is labelled by F, and branching is induced by the resolution rule. The transformation 
rules do not induce branching, and the computation reports that F is unsatisfiable if a stage is reached 
where, for every branch of the tree, the set of formulas occurring along the branch extends to an element 
of .F. Hence, the role of the family is to provide the termination conditions for the deductive process. 

Example 2.2.8 In classical logic, as formulated in Example 2.1.1, we set V = {F, T}, where F is any 
contradictory formula and T any tautology, and = {{F}}. If we want to show the unsatisfiability of 
r = {p, q, V -ig}, we construct the tree 



p, -np V -.g, q 




F -^TW ^q 



FV 




F FV-.T 



F\J F 



F 



When the language contains a disjunction connective, then the resolution rule can take the form of 
a single conclusion rule, and the deductive process does not require branching [92]. 
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A positive aspect of Stachniak's approach is its applicability to a class of consequence operations 

larger than the class of operations definable by strongly adequate matrices. In particular, it works for 
operations C for which there exists a finite set K, of finite matrices such that, for every F, 

C{T) = fl{CA<(r) -.M&K}. 

Such a consequence operation is called strongly finite. The negative aspect is that the cardinality of V 
will be in general much greater than the cardinality of the matrix M. (assuming that we are working 
with a single-matrix consequence). For example, six verifiers are needed for Lukasiewicz's three- valued 
logic. See [95], [93], [92] for further reference; see also the discussion in [40, §8.1.3]. 

2.3 Post systems 

Post introduced n- valued systems in his doctoral thesis, which was published in [78]. His approach is 
purely algebraic: he develops his calculi as a direct generalization of classical 2-valued calculus. He gives 
no linguistical interpretation to his truth- values, except in terms of sequences of ordinary truth-values, 
anticipating the monotonic representation of elements in a Post algebra (see below). After his 1921 
paper, he never came back to many-valued logic. 

Definition 2.3.1 Let n > 2, and let < m < n — 1. The matrix T'™ for n-valued Post logic is defined 
as follows: = (n,{m,m+l,...,n — 1}). There are only two connectives, V and ^, defined by 
iy i = max{i, j}, and ^ i = i — 1 (mod n). When we are not concerned with the set of designated 

values, we denote the algebra (n, V, ~) by P„. 

Classical negation in 2 can be seen either as mirror reflection (i h-> 1 — z), or as cyclic shift (i h- > i — 1 
(mod 2)); the two things coincide. For n > 3 they do not coincide any more; Post's negation ~ takes 
the second alternative. 

The key feature of P„ is functional completeness: for any fc > 1, any function / : n*^ — > n is definable 
in terms of V and ~ (in particular i A j = min{i, j} is definable). This was proved by Post himself; 
another proof can be found in [104]. We want to introduce all 0-ary cormectives. Of course, it suffices 
to introduce the constant 0. We may define to be pA ~ pA ~~ p A • • • A p, or we may introduce 
as a new primitive connective. Either way, we are able to allow k in the definition of functional 
completeness to be as well. As abstractly — it does not matter which set of connectives we assume 
as primitive, as long as they define the same class of functions, we are justified in calling n-valued Post 
logic any n-valued logic which is functionally complete {k = allowed). We note incidentaUy that from 
the practical point of view — say, from the point of view of automated theorem proving — it makes a lot 
of difference which set of connectives we assume as primitive. A bad choice of primitives can make work 
in a system unpractical: nobody has ever tried to set up classical logic by using the Sheffer stroke only. 

A remarkable feature of n-valued Post logic is Craig's interpolation theorem. 

Theorem 2.3.2 Assume that the sequent j4o => => • • • => is vaiid. Then there is a formula B 
such that: 

1. any propositional symbol occurring in B occurs in at least two of the Ai 's; 

2. all the sequents Ao=>-B=>---=>B, B=>Ai B, B^B=>---=> An-i are valid. ■ 

The above theorem was proved for first-order Post logic by Hanazawa and Takano in [46] , generalizing 
results in [32] and [61]; see also [106], [72], [114]. 

On the algebraic side, much effort has been devoted to the study of the class of Post algebras. The 
main ideas are as follows: we give P„ the similarity type (2,2, 1,0,0), in the language (V, A, _L, T), 
with ± and T dc;fined to be and n — 1, respectively. As an abstract algebra, P„ generates an equational 
class, which we denote by P^. The elements of PJ^ are all the algebras, of the same similarity type of 
P„, that satisfy the identities satisfied by P„. By Birkhoff's theorem, is the class of all homomorphic 
images of all subalgebras of all products of copies of P„; P^" is the class of Boolean algebras. 

We now drop ~. By definition, the class P„ of Post algebras of order n is the class of algebras whose 
elements are the elements of P^, but in the language (V, A, ±, T). P„ is no longer an equational class, 
since it is not closed for subalgebras. An algebra N e P„ is a distributive lattice with bottom and top, 
and with an extra feature: N has buried in its structure the chain of constants c„_i = T,c„_2 =~ 
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T, Cn—s — r^r^ T, . . . , Co — T — -L, even though, it does not remember them any more. Can we 

recover this chain? 

We recall that an element a of a distributive lattice with bottom and top is complemented if there 
exists b such that aV b = T and a A 5 = ±. If such a b exists, then it is uniquely determined; we denote 
it by ^a. By definition, the center C{N) of the lattice N is the Boolean algebra of all complemented 

elements of N . 

Theorem 2.3.3 [26] Let N = {N, V, A, _L, T) be a distributive lattice with bottom and top. Then N is 
a Post algebra of order n if and only if it contains a chain _L = cq < Ci < C2 < • • • < c„_i = T such that: 

1. every element a & N can be written as 



If we require that ai > a2 > • • • > a„_i then the a^'s are uniquely determined; they constitute the 
monotonic representation of a. The chain of the Cj's, as well as its length, is uniquely determined; it 
follows that, a n =^ m, the intersection of P„ and ?,„ is empty. 

The situation become clearer as soon as one knows about Epstein's version of the Stone representation 
theorem. 

Theorem 2.3.4 [27] Any Post algebra of order n is isomorphic to the lattice of all continuous functions 
from the dual space of its center — a compact, totally disconnected, Hausdorff space — to the n-clcmcnt 
chain. Conversely, for any Boolean space X, the lattice of all continuous functions : X —>■ n is a Post 
algebra of order n. ■ 

By Speed's theorem [90], this amounts to saying that every Post algebra of order n is the coproduct 
of a Boolean algebra — namely, its center — with the n-element chain. 

In Epstein's representation, the constant ci corresponds to the function taking constantly the value i, 
whereas a, in the monotonic representation of a is the characteristic function of the set {x ^ X : a{x) > 
i}. It is also clear that the monotonic representation yields an isomorphism of N onto a substructure Q 
of the product of n — 1 copies of C{N). Q is formed by taking all decreasing sequences of length n — 1 
of elements of C{N). The operations V. A, T, _L act componentwise, while the shift ^ is given by: 



It is remarkable that at the end of his 1921 paper. Post anticipated this last representation, by interpreting 
his truth- values as monotonic sequences of ordinary truth- values. 

2.4 Lukcisiewicz systems 

As we saw in §2.3, Post systems are quite rigid: in order to pass from n to m values, one has to change 
the chain of constants. Lukasiewicz systems are more flexible; we already encountered the three- valued 
version in Example 2.1.2, and we now give the general framework. 

Let n > 2. The matrix for n- valued Lukasiewicz logic is C„ = (/„, {1}), in the language (^, -i, 1). 
The constant 1 is to be interpreted in the real number 1, while and ^ are defined thus: i ^ j = 
min{l — i + j, 1}, -li = 1 — i. If we substitute 7„ with the real unit interval I = [0, 1], with no changes 
in the definitions of the connectives, we obtain the matrix £ = (/, {1}) for Lukasiewicz infinite-valued 
logic. 

We introduce the following connectives: 



a = (ai A ci) V (a2 A C2) V • • • V (a„_i A Cn-i 
with ai, . . . , a„_i £ C{N); 
2. for no a € C{N) except _L, and no < i < n — 2, it is a A Ci+i < Ci. 



) 



(ai, 02, . . . , a„_2, a-n-i) ^ (02 V as V ^ai, . . . , 



= 



i®3 = hi) j 

i®3 = -(H) ©H')) 

« V j = (i ^ j) j 

lAj = -(H) vH)) 

j = (j j) A {j i) 



We easily see that: 
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• ®, 0, V, A are all associative and commutative; 

• V and A correspond to max and min; 

• ii (B ■ ■ ■ ® it = min{ii + h it, 1}; 

• ii (X) • • • (81 if = maxjii + • — h i* — t + 1, 0}; 

• i ^ j = {i ^ j) ® {j ^ i) = I - \i - j\; 

• if restricted to {0, 1} the connectives — », -1, V, A, behave in a Boolean way, while © and (g) coincide 
with V and A, respectively; 

• the adjunction (i < j ^ k iS i ® j < k) holds; 

• the sets of connectives (^, 1), 0), (©. ®. 0, 1) are interdefinable. 

In the literature the weight of Lukasiewicz logic has always been predominant. Undeniably, tradi- 
tion played a role: Lukasiewicz logic was the first many-valued logic to be proposed and systematically 
studied [55], [56]. More recently, new motivations arose with the development of fuzzy logic. Indeed, 
it seems reasonable that a logic aiming at the formalization of any inferential mechanism should come 
equipped with a "product" connective and an "implication" one — >, related by the adjunction con- 
dition. Following [22], [77], we define a residuated lattice to be a structure (L, V, A, (8>, -L, T) such 
that: 

• {L, V, A, _L, T) is a lattice with bottom and top; 

• {L, (g), T) is a commutative monoid; 

• the adjunction condition holds, i.e., for any k & L, we have i<j^kiSi^j<k. 

If, in addition, L is complete as a lattice, we say that {L, V, A, <8), — >, _L, T) is a complete residuated 
lattice. 

Theorem 2.4.1 [77, pp. 121-122] Let (L, V, A,_L,T) be a complete lattice. 

1. Let ^ be a binary operation (not necessarily commutative) over L such that: 

a. (g) is isotone in both variables (i.e., i < j implies i ^ k < j ^ k and fc (g) i < (8> j); 

b. for each subset I of L, (Vjgj i)® j = Mi^iii j)- 

Then there exists a unique operation over L such that the adjunction condition holds for the 
pair ((g), — >); this operation is given by j ^ k = \/{i : i ^ j < k}. 

2. Let — > be a binary operation over L such that: 

c. — > is antitone in the first variable and isotone in the second; 

d. for each subset K of L, j {/\keK ^) = AkeKU ^ 

Then there exists a unique operation over L such that the adjunction condition holds for the 
pair ((g, — >); this operation is given by i ^ j = /\{k : i < j ^ k}. 

3. In every complete residuated lattice the conditions (a), (b), (c), (d) hold. m 

Example 2.4.2 Consider the ordinary lattice structure of the real unit interval / = [0, 1] As proved 
in [77, p. 123] and references therein, / can be given 2*^° distinct structures of residuated lattice in which 
the product operation is continuous. 

1. Take (g = A. Then — » is defined by: 




1, ifi<.i; 

j, otherwise. 



We get a complete Heyting algebra. This is the case of Godel's logic; see §2.5.2. 
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2. Let (g) be the ordinary product between real numbers. Then we get: 

1, if « < i; 
j/i, otherwise. 

See [44] for this product logic. 

3. Lukasiewicz's product i<Sij= (i + j — 1) V yields Lukasiewicz's implication i ^ j = (l — i+j) Al. 

These three examples are in some sense exhaustive; indeed, every continuous f-norm (see Novak's Chapter 
of this Handbook) can be obtained from them [76]. 

Theorem 2.4.3 [60] Let {I, V, A, ®, — >, 0, 1) be a residuated lattice in which V and A are the usual max 
and min. Suppose that — >: 7^ — > 7 is continuous. Then and — > are tie Lukasiewicz product and 
implication. ■ 

The above theorem is even more surprising if one considers that 56 years separate [55] and [60]. Alone, 
it would be sufficient to justify the study of Lukasiewicz logic. As a matter of fact, Pavelka proved in [77] 
that the Lukasiewicz connectives guarantee a sort of uniqueness with respect to the completeness theorem 
in a fuzzy logic context. 

These considerations are relatively recent; Lukasiewicz logic has not been born as the logic of resi- 
duated lattices, but as the logic of a certain matrix semantics. How can we axiomatize the set Cc{^) of 
all formulas that are valid in £? Lukasiewicz conjectured that the following four axiom schemas, along 
with modus ponens, would do: 

Axl. a ^ {f3 ^ a); 

Ax2. (a ^ /?) ^ ((/? ^ 7) ^ (a ^ t)); 

Ax3. {^a -nP) {(3 a); 

Ax4. ((a ^ [3) ^ /?) ^ ((/? ^ a) ^ a). 

(actually, he also had (a /3) V (/3 — ^ a) as a fifth axiom; this was proved to be redundant by Chang and 
Meredith). In 1935 Wajsberg claimed to have a proof of the conjecture, but he never published it. In 
1958 Rose and Rosscr [82] gave the first published proof; other proofs have been obtained by Chang [16], 
Cignoli [18], and Panti [75]. We will return to the completeness issue in §3. 
Axioms Axl-Ax4 are quite elegant. If we add to them 

Ax5. {^a a) ^ a; 

we obtain a variant of the Hilbert-Ackermann axiomatization of the two-valued calculus. If we add 
Ax5'. ((a — > -!«) ^ a) — > a; 

we get an axiomatization of Lukasiewicz's three-valued calculus; in both cases Ax4 becomes redundant 
and may be dropped. 

Ax5 expresses the idempotence of ffi; in fact, it can be equivalently formulated as a © a a 
(a — > a © a being deducible from Axl-Ax4). Under Axl-Ax5, © and V collapse, and so do (8> and A. 
For n > 3, the axiom parallel to Ax5 is 

Ax5". a® a® ■ ■ ■ ® a ^ a®---©a. 
^ V ' ^ ^ ' 

n summands n—1 summands 

For n = 3, this is enough (i.e., Axl-Ax3,Ax5' are equivalent to Axl-Ax4,Ax5" and axiomatize Cc^{9)), 
but for n > 4 we further need an entire group of new axioms, namely 

Ax6j. (n - l)( a a • ■ • a ^ (a <8) ( a • • • ® q ))); 

j summands i — 1 summands 

(see [37]). Here (n — 1)/3 stands for /3©- • -0/? (n—1 summands), while j varies in the set {A; : 1 < A; < n—1 
and k does not divide n — 1}. 

What remains open is the problem of a "linguistic" interpretation of the logic. The most intriguing 
connective is the truncated sum ©. To compute i (B j, add i and j as real numbers: if the result is less 
or equal to 1, take it, otherwise, take 1. Are there situations in real life in which we act on proposition 
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by truncated addition? In [87] , Scott suggests that degrees of error may be considered additive. So if A 

is true to degree of error i and B is true to degree of error j {i, j G [0, 1]), then {A and B) should be true 
to degree of error minji + j, 1} (degrees of error greater than 1, i.e., complete falsity, can of course be 
cut down to 1). But "A is true to degree of error i" in the structure a means that a{A) = 1 — i. Hence 
we get: 



which is indeed what we wanted; the adjunction condition now gives us the definition of 

As a by-product, we have the uon-idcmpotcncc of conjunction: we must be willing to accept that, if A 
is true to degree of error, say, 2/3, then {A and^) is true to degree of error (2/3) (8) (2/3) = 1/3. We will 
return to Scott's interpretation in the final part of this survey; in the meantime, we refer to Scott's and 
Smiley's discussion in [87], as well as to Urquhart's [104]. We also refer to [87] for Giles's interpretation 
of Lukasiewicz logic as a "logic of risk and commitment" . We only remark that the non-idempotence 
of "and" is not so shocking: one might think of two different trials of the same experiment, or of two 
different statements about the same trial. This is not so far from, e.g., linear logic. 

In [67] , Mundici proposes an interpretation of Lukasiewicz logic in terms of the Ulam game with lies. 
The situation is as follows: an Answerer chooses a number between and k. A Questioner asks yes-no 
questions. The Answerer is allowed to lie up to n times. How many questions does the Questioner need 
to find the number? Neither the principle of non-contradiction nor idempotence hold in this context. 
If the Answerer says first "The number is 7", and then "The number is not 7", this does not lead 
to inconsistency: it just means that the Answerer has one lie less at his disposal. Similarly, repeated 
assertions that "The number is 7" are more informative that one single assertion; n + 1 assertions 
guarantee truth. Mundici shows that, at each stage of the game, both the Questioner state of knowledge 
and the Answerer's assertion can be expressed by a formula in the k + 2-valued Lukasiewicz logic. 
The Questioner's next state of knowledge is then given by the Lukasiewicz conjunction of the two 
formulas. The situation can be generalized by allowing an unbounded number of lies, or random lies. 
The Questioner's adaptive strategy leads naturally to the theory of error-correcting codes; we refer 
to [67], [68] for further references. 

There are two situations in which truncated addition arises naturally; I am grateful to S. Stefani for 
first calling my attention to these. The first situation is saturation in a logical gate. There exist logical 
gates which return as output the sum of the voltages they receive as input; the voltages themselves can 
be seen as truth- values. As every real-life electronic component, these gates have a saturation level, 
above which either the output does not increase any more, or the gate shorts out. 

The second situation if fixed-point addition in computers. Fixed-point addition is addition mod2^^, 

or mod 2^^, depending on the computer. It is less resource-consuming than floating-point addition, but 

it is subject to overflow. As the overflow generally results in a disaster, one may try to limit the damages 

by always chopping the result of a potentially dangerous addition to the maximum number expressible 
(232 _ 1^ 264 _ 1) 

2.5 Other systems 

2.5.1 Bochvar's and Kleene's systems 

Bochvar's and Kleene's are both three-valued systems. In addition to and 1 for false and true, they 
have a third value 2. While for Lukasiewicz the third value stands for possible, or not yet determined, 
from Bochvar's point of view it stands for paradoxical, or meaningless. Any compound proposition that 
includes a meaningless part is meaningless itself, and hence the truth-tables 



a{A and B) = l-{{i+j)Al) 



= l + {{-i-j)V- 

= (1 - i - j) V 

= {l-i + l-j- 
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Bochvar's systems was proposed in [11] as a way for avoiding the logical paradoxes, notably Russell's 
paradox. We refer to [81, §2.4] and [104, §1.6] for a deeper analysis and further references. 

In [51], [52], Kleene regards the value 2 as indeterminate, in the same sense as a Turing machine 
which does not halt on a specific input can be seen as giving an indeterminate output. Two points 
of view are possible. First possibility: one assumes that an indeterminate partial output makes any 
computation globally indeterminate. With this understanding, one obtains exactly Bochvar's truth- 
tables: Kleene calls "weak connectives" the connectives defined in this way. Second possibility: one 
accepts that a computation may assume a determinate global value, even if some subcomputations are 
globally indeterminate. In this case, Kleene proposes what he calls the "strong connectives" . 
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The table for implication does not follow from the one for conjunction, plus an adjunction condition, 
but is explicitly stated. Kleene defines classically i ^ j as -^iVj, i.e., he considers the computation i ^ j 
successful if either j is successful or i unsuccessful, unsuccessful if i is successful and j unsuccessful, and 
indeterminate in all other cases. See [81], [104], as well as Kleene's original papers; see also [5] for the 
basic theory of Kleene algebras. 



2.5.2 Godel's system 

Let Qn be the matrix Qn — (In, {1}) in the language (V, A, 0, 1). Here V, A arc the max and min 

functions for the usual ordering of /„. The implication — > is given by adjunction with respect to A as in 
Example 2.4.2, while -li is i — » 0. Explicitly, 

f 1, if i = 0; 
1^ 0, otherwise. 

Gn may be extended to an infinite-valued matrix by replacing /„ with any infinite subset of the real 
unit interval [0, 1], with no change in the definitions of the connectives. Any two such extensions induce 
the same set of valid formulas [24, Theorem 4]; for concreteness' sake we set Q = {I, {!})■ 

Consider some axiomatization of the intuitionistic propositional calculus IPC, such as Kleene's [52]: 

Axl. a ^ {(3 ^ a); 

Ax2. {a ^(3)^ {{a ^ (/3 ^ 7)) ^ (a ^ 7)); 

Ax3. a {P ^ a A (3); 

Ax4. a A /3 — »■ a; 

Ax5. a A 13 ^ 13; 

Ax6. a ^ ay 13; 

Ax7. 13^ ay (3; 

Ax8. (a ^ 7) ^ ((/3 ^ 7) ^ (a V /3 ^ 7)); 
Ax9. (a ^ /3) ^ ((a -> -> -a); 
AxlO. -.a ^ (a ^ 



3 = 



1, if i < j; 
j, otherwise. 
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Any theorem of IPC is valid in all the Qn's, as well as in Q. On the other hand, Godel proved in [34] 

that no finite matrix is weakly adequate for the consequence operation Cicp (Cicp is defined thus: 
A e Cicp(r) iff A is deducible from F via Axl-AxlO and modus ponens). Godel's proof can also be 
found as an exercise in [17, p. 145]. In [24], Dummett characterizes the set of formulas valid in Q 
(equivalently, valid in every Qn) as the set of formulas deducible from Axl-Axll, where Axil is the 

axiom schema expressing linearity: 

Axil, (a -> /3) V (/? ^ a). 

In [48] , Jaskowski constructs an infinite family of matrices whose corresponding sets of valid formulas 
converge to Cicp(0). This is a classical example of an interesting phenomenon: many finitely axiomati- 
zable propositional logics can be approximated by sequences of finite- valued logics (see [4] ) . Jaskowski 
constructs also an infinite matrix (different from the Lindenbaum algebra of IPC) whose set of valid 
formulas coincides with the set of intuitionistic theorems. 

We remark that by a result of Wrohski's [112], no denumerable matrix is strongly adequate to Cicp. 

2.5.3 Belnap's system 

Belnap's logic is a four- valued non-linearly-ordered logic [6], [49]. It is intended to deal with incomplete 

and possibly contradictory knowledge bases. Suppose a computer is designed to argue about a collection 
of ground facts. Suppose that it is informed about the truth or falseness of these facts by different agents, 
each of them globally reliable, but sometimes incorrect in some specific statement. It may happen that 
the compiitcr is told first that the fact p is true, and then that it is false; this kind of exposure to 
contradiction is common in our everyday's life. A perfect Boolean reasoner that faces a contradiction 
breaks down, and starts inferring as a new theorem every statement he can think of; of course, this is 
not what we do, nor what we want our computer do. 

Let 4 be the powerset of 2; for simplicity's sake, we set 4 = {0, 0, 1, 01}. If p is a ground fact, i.e., a 
propositional variable, then four possibilities arise: 

• either the computer has been told that p is true; 

• or that it is false; 

• or that it is true and false (say by two different agents, or in different circumstances); 

• or the computer has not been told anything. 

These four possibilities correspond to assignments to p of values from 4 (the values 1, 0, 01, and 0, 
respectively). For each p, its successive truth-assignments must be increasing with respect to the order 
given by the approximation lattice 



01 




1 












On the other hand, reasoning about compound facts is made with respect to the logical lattice 
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01 
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so that the tables for negation, disjunction, and conjunction are as follows: 
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01 



The key feature of Belnap's logic lies in the interplay between the approximation and the logical 

lattices [28], [29], [33]. There are no distinguished values, nor an implication connective. Entailment is 
metalinguistic: we say that A entails B if, for every structure cr, we have cf{A) < a{B) in the logical 
lattice. In this case, we write A < B; we write A = B li both A < B and B < A hold (i.e., A and B 
are semantically equivalent). As V and A are defined in the standard way with respect to the logical 
lattice, it follows that all Boolean equivalences between formulas not involving -i still hold in Belnap's 
logic. In particular, V and A are associative, commutative, and mutually distributive. One easily sees 
that ^^A = A and that the De Morgan's laws hold. On the other hand, neither tcrtium non datur 
Aw ^A = 1 nor ex falso quodlibet AA^A < B are generally valid; of course, this is welcome in a system 
which is to deal with contradiction. 

2.6 Extension to the predicate case 

It is only fair to say that, if a unified framework for propositional many-valued logic is still to come, 
much more so is the situation for the predicate version. Beyond the serious technical problems, what is 
missing is a convincing philosophical and linguistic interpretation. In most cases, authors simply skip 
any discussion about "meaning", and go directly to the technical content. 

Definition 2.6.1 A language L for predicate many- valued logic is given by: 

1. a — non-empty — finite or denumerable set of predicate symbols P,R,U,..., each one with a fixed 
arity > 0; 

2. a possibly empty — finite or denumerable set of function symbols /, g,h,.. ., each one with a 

fixed arity > 0; 

3. a finite set of connectives ci, . . . , Cm, each one with a fixed arity > 0; 

4. a finite set of quantifiers Qi, . . . ,Qs; 

5. a denumerable set of individual variables xi,X2,xs, . . . 

A matrix for L is a system A4 = (M, D,qi, . . . ,qs), where (M, D) is a matrix for the propositional 
fragment of L, and each is a function : P{M) \ {0} M. By the propositional fragment of L, we 
mean the language L with (2), (4), 

(5) above dropped, and all predicate symbols of arity 0. 

A structure for {L, M) is a pair <S = {S, a), where: 

1. 5 is a non-empty set; 

2. (7 is a mapping that associates: 

• to each function symbol / of arity u, a function a{f) : ^ S; 

• to each predicate symbol P of arity u, a mapping <t{P) : 5" — > M. 

In other words, any function symbol is realized by a as an actual function over 5*, while every predicate 
symbol is realized as a fuzzy subset of S. Oary predicate symbols are propositional symbols, and Oary 
function symbols are realized as individual constants (i.e., elements of S). We remark that the language 
does not contain a distinguished predicate symbol = for equality of individuals. 

Let us denote by L{S) the language L enriched with individual constants, one for each element of S, 
and let SENT{L), SENT{L{S)) be the subsets of FORM{L), FORM{L{S)), respectively, consisting 
of the formulas with no free individual variables. Then S induces a mapping S : SENT{L{S)) M as 
follows: 
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• if P is a predicate symbol of arity u and t\,...,tu are closed terms, then S{P{ti, . . . ,tu)) = 

• if c is a connective of arity u and Ai, . . . , A„ G SENT{L{S)), then S{cAi . . . A„) = c{S{Ai), . . . , 5(^„)); 

• if Q is a quantifier whose corresponding function : 'P{M) \ {0} — > M is g, then S{QxA{x)) = 

q{{S{A{a)) : a S S]). 

The set {S{A{a)) : a e 5} is the distribution of in <S, hence the name distribution quantifiers [64], 
[13], [14]. 

A formula A{x\, . . . , x„) e FORM{L) containing the free individual variables x\,. . x„, is satisfied 
in >S if there exist ai, . . . , a„ £ 5 such that S{A{ai, . . . , a„)) G D, and it is true in <S if, for every 
ai, . . . , a„ e 5, 4S(>l(ai, . . . , a„)) £ D. In classical logic, where the universal quantifier V is available, A 
is true in <S iff so is its universal closure; in our case, one must resort to the above definition. 

In a given prepositional matrix A4 = (M, D) of cardinality n, one can define ~^ different quantifier 
functions. An interesting and difficult problem is to determine how many of them are needed to define 
all the others. For example, in the two-element Boolean algebra 2, the function 

r {0}->0; 
9v: < {1}^1; 
[ {0,1}^0; 

together with the connectives V, defines all the eight possible quantifier functions. 

In classical logic, the universal quantifier is naturally associated with the connective A. Explicitly, 
A induces an inf-semilattice structure on 2. As 2 is finite, it results to be a complete inf-semilattice, 
and the gy-image of a nonempty subset of 2 is the g.l.b. of the subset; analogous considerations hold 
for the existential quantifier 3 and the connective V. In general, the situation is as follows: any binary, 
idempotent, associative and commutative connective c defined in the (possibly infinite) algebra M in- 
duces a partial order by a < & iff c(a, b) = a; this order makes M an inf-scmilatticc. Conversely, each 
semilattice structure over M determines a binary, idempotent, associative and commutative connective. 
If our semilattice happens to be complete (as it is always the case if M is finite), then it yields a quantifier 
function Qc : V{M) \ {0} M, defined by qdX) = inf X. If M has cardinality n, then there are n""-*^ 
possible semilattice structures over M [114, §1.7], and so n"~^ possible quantifiers of the above form. 

In order to extend sequent and tableau calculi, we need introduction — respectively, elimination — 
rules for quantifiers. We refer to [92] for the extension of resolution techniques to the predicate case. Let 
S — {S, a) be a structure. Define the class ^{S) of quantified signed formula expressions with parameters 
in S as follows: 

• for any A € FORM{L{S)) and any i G M, e ^{S); 

• iiE,F £ $(S'), then EAF,EVFg $(S'); 

• if E e ^(S) and x is an individual variable, then Vx_E, 3xE G $(5*). 

S induces a mapping S from the set of elements of ^{S) having no free variables to the two-element 
Boolean algebra by induction: 

• HAG SENT{LiS)), then S{A') = 1 iff S{A) = i; 

• S distributes over A and V; 

• SiVxEx) = min{5(£;a) : a e S} and S{3xEx) = ma.x{S{Ea) : a e S}. 

We denote by $ the class of all quantified signed formula expressions having no free variables and no 
parameters from any S. An element of $ is in CNF (DNF) if it is of the form \/u3vE{u, v) {3v\/uE{u, v)), 
where u, v are strings of variables and E{u, v) is quantifier-free and in conjunctive (disjunctive) normal 
form. 

li E,F G ^ are such that, for any structure S, S{E) = S{F), then we say that E, F are equivaJent, 
and we write E = F. As in the prepositional case, if E, F are equivalent in the classical predicate 
calculus, then they are equivalent as quantified signed formula expressions. 

Let us fix a unary predicate symbol P. Let Q be a quantifier whose associated function is q, and let 
iGM.We define an ith. CNF (DNF) for Q to be some E G^ such that: 
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• is in CNF (DNF); 

• the only signed formulas appearing in E are of the form {Pwy , for some variable w and truth- value 
j (of course, w gets quantified in the prefix of E); 

• E = {QxPx)\ 

Usually it is not difficult to construct an ith CNF and an ith DNF for a quantifier, given the 
corresponding quantifier function q. We refer to [114], [40, §3.3, §5.4] for algorithms for systematically 
constructing such normal forms. 

Suppose Vmi . . . V'Up3wi . . . 3vq{Di A ■ ■ ■ A Dh) is an ith CNF for Q. Then we have the following 
introduction rule for Q at place i: 

G, Fi G,F2 ■ ■ ■ G, Fh 
G, (QxAxy 

where G is an arbitrary sequent, and Fg is the sequent obtained from Ds by replacing {PueY by (Aze)-' 
and {PvfY by {AtfY . Here variables which do not appear anywhere in G, (QxAx)^ (the 

eigenvariables of the rule), while ti,. . . ,tq are arbitrary terms. 

Example 2.6.2 Consider the universal quantifiers V, 3 in classical logic. Then 
(Va;Pa;)° = 3v{Pv)° and {3xPx)° = Vu(P«)°. Hence the famifiar rules 

T,At^A r,Az^A 
r, \/xAx ^ A r, 3xAx ^ A 

where t is an arbitrary term and 2: is a variable that does not appear in F, 3xAx => A. 

On the other hand, let 3vi . . . 3v^u\ . . . Vup(Ci V • • - VCh) be an ith DNF for Q. We have the tableau 
rule 




where Fs is obtained from C,, by substituting {Pvf-y with [AzfY and [Puey with (Atg)^ . Here zi, . . . ,Zq 
are fresh variables, nowhere appearing in the branches through G, {QxAxY , and ti, . . . ,tp are arbitrary 
terms. [QxAxY is declared to be used only if our DNF docs not contain universal quantifiers (i.e., there 
are no terms ti, . . . ,tp). Alternatively, if one looks for a systematic way to construct the tableau, one 
may declare {QxAxY used, and add {QxAxY to the end of the new branches [89], [13]. 

Example 2.6.3 We introduce the quantifiers V and 3 in Lukasiewicz logic as generalized A and V, 

respectively. For 7^ X C /, we define q\/{X) = infX and q^{X) = supX. Let us consider the three- 
valued version. We have (VxPx)^/^ = 3u(Pu)^/^ A Vu((Pu)^/^ V (Pu)^). It is easy to see that in the 
classical predicate calculus this last formula is equivalent to both 3v\/u{{{PvY^'^ A (Pu)^/^) V ((Pw)^/^ A 
{PuY)) and 3v'iu{{PuY^'^ V ((Pu)^/^ A (Pu)^)). Hence we can choose between the rules 



{^IxAxY'"^ 




{AzY'^,{AtY'^ {AzY'^A^tY 
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and 




In both cases, 2 is a fresh variable, t is an arbitrary term, and the occurrence of {ixAxy/'^ is not declared 
to be used. 

In the infinite-valued Lukasiewicz logic, we do not have analytic systems at our disposal, and we 
must resort to Hilbert systems. This does not carry us much further. Indeed, it is a classical result that 
the set of predicate formulas valid in / is not recursively enumerable [85], [79]. On the other hand, the 
set of formulas whose value is greater than in any structure has been axiomatized in [47]. 



3 MV-algebras 

As we said in the Introduction, this part is more mathematically oriented, and presupposes some ac- 
quaintance with universal algebra. 

Beyond its intrinsic interest, the algebrization of a logic yields useful techniques. First of all, many 
completeness proofs are based on representation theorems for certain free algebras. This is the case for the 
three logics of Example 2.4.2, and in this section we sketch the proof for Lukasiewicz logic. Secondly, one 
can look for normal forms for formulas. These forms are admittedly scarce, but we already encountered 
one such example at the end of §2.3, and in the case of Lukasiewicz logic we cite the results obtained 
in [69], [75]. Thirdly, one is allowed to see proofs as computations in some algebra: this is apparent, 
e.g., in Stachniak's approach to resolution. [80] and [10] are basic references for algebraic logic. 

In this section we discuss the algebrization of Lukasiewicz logic, and study the corresponding algebras 
(MV-algcbras). MV-algebras stand to Lukasiewicz logic as Boolean algebras stand to classical logic. 
They form an interesting class of mathematical objects, bearing relevant connections with areas of 
classical mathematics such as ordered group theory, functional analysis, and algebraic geometry. The 
book [19] is a systematic account of basic results otherwise scattered in the literature. 

3.1 Basic facts 

We recall that in Lukasiewicz logic the sets of connectives (^, 1), 0), (©, 0, 0, 1) are interdefi- 
nable. For all this section we fix L to be the language (©, ®, -1, 0, 1), of similarity type 2, 2, 1, 0, 0. We 
denote by I the abstract algebra obtained from the matrix C = {I, {1}) of §2.4 by dropping reference to 
the set {1} of designated values, and by changing the language from (^, -1, 1) to L. To be more specific, 
/ has as base set the set of all real numbers between and 1, and the operations are defined thus: 

i®j = mm{i+j,l} 

i®j = max{i -h j — 1,0} 

-li = 1 — i 

= the number 

1 = the number 1 

Let us rewrite the Lukasiewicz axioms of §2.4 as identities: 

LI. ^a® (^6® a) = 1; 

L2. ^(-.a © &) ® (-.(^5 © c) © (-.a © c)) = 1; 
L3. ^(-i^a © -16) © (^6 © a) = 1; 
L4. -.(-.(-.o © 6) © 6) © (-.(-.6 © o) © a) = 1. 
A bit of computation shows that L1-L4 are valid in I. 



22 



Definition 3.1.1 An MV-algebra is an abstract algebra N = {N, ®, 0, -i, 0, 1) satisfying the identities 
L1-L4. We denote by MV the equational class of all MV-algebras. 

MV-algcbras have been introduced by Chang in [15]. MV stands for Many Valued; this name is well 
established in the literature, even though these algebras refer to one specific many valued logic, namely 
the Lukasiewicz one. Setting aV6=(a— >6 = -i(-ia © 6) © 6 and a Ab = -■(-lO (g) 6) 6, we have 
that {N, V, A, 0, 1) is a bounded distributive lattice [15], [16]. As usual, we write a < b ii a y b = b. 

Axioms L1-L4 are not convenient to work with. Chang's original axioms are the following: 



CI. 


offi6 = 6ffia; 


a (g) 6 = 6 (g) a; 


C2. 


a © (6 © c) = (o © 6) © c; 


a <8) (6 c) = (a (g) (g) c; 


C3. 


a © -la = 1; 


a (g) -la = 0; 


C4. 


a© 1 = 1; 


a(g)0 = 0; 


C5. 


a © = a; 


a <g) 1 = a; 


C6. 


-'{a © 6) = -la (8) -'b; 


-'{a &) = -la © 


C7. 


-i-ia = a; 




C8. 


-0 = 1: 




C9. 


aVb = bV a; 


a Ab = b Aa; 


CIO. 


aW {bW c) = {aV b)\/ c; 


a A (b Ac) = {a Ab) A c; 


Cll. 


o © (6 A c) = (a © 6) A (a © c); 


a (g) (6 V c) = (a 6) V (a 


A more compact axiomatization is due to Mangani and Mundici [6f 


Ml. 


a© 6 = 6® a; 




M2. 


a®{b®c) = {a®b)®c; 




MS. 


a®0 = a; 




M4. 


a© 1 = 1; 




M5. 


-^-la = a; 




M6. 


-0=1; 




M7. 


-(-•a © 6) © 6 = -(-.6 © o) © a; 





M8. a0 6 = -.(-.a ©-.6). 

In every MV-algebra, the following hold: 

1. De Morgan's laws for V, A, -■; 

2. aiSib<aAb<a<a\/b<a®b; 

3. (a ^ 6) V (6 ^ a) = 1; 

4. a V 6 = 6 iff -.a © 6 = 1; 

5. o©6 = 6 iff -.a V6 = 1; 

6. a © (5 V c) = (a © 6) V (a © c); 

7. a (5 A c) = (a &) A (a c). 

As ©, 0, V, A are associative and commutative, we freely use expressions of the form ai ©02 © • • • ©afe 
and the like. We set Oa = 0, (fc + l)a = a®ka and aP = 1, 0*^+^ = a<Sia^- We say that a has order k if 
k is the least positive integer with A;a = 1; if no such k exists, we say that a has infinite order. 
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Example 3.1.2 We already introduced the MV-algebra /. Let us denote by [0, 1]" the set of all n-uples 

of elements of [0, 1]; [0, 1]'^ is the set of all countable sequences of elements of [0, 1]. A McNaughton 
function over [0, 1]" is a continuous function / : [0, 1]" R for which the following condition holds: 

there exist linear afEne polynomials /i, . . . , fk, each /j of the form a]xi + 0^X2 + • • • + a^Xn + a""*"^ 
for certain integers aj, . . . , a""*"^, such that, for every a G [0,1]", there exists 1 < i < k with 

A McNaughton function over [0, 1]*^ is a function g : [0, l]'^ R such that there exists a McNaughton 
function / over [0, 1]" for which 5 = / o p„ (p„ is the natural projection : [0, 1]'^ [0, 1]"). We let M„ 
be the subset of /[°'^r whose elements are McNaughton functions over [0, 1]"; it is easy to see that M„ 
is in fact a subalgebra, hence an MV-algebra. Analogously, M^. is the MV-algebra of all McNaughton 
functions over [0, 1]*^ whose range is in [0, 1]. We let and 1 be the functions, of domain [0, 1]" or [0, 1]"^ 
according to the context, whose values are identically or 1, respectively. 

Let FORMn{L) be the subset of FORM{L) whose elements are built up from the propositional 
variables pi,. . . ,Pn only. We identify FORM{L) with the set of terms in the language of MV-algebras; 

when we are thinking of ^ G FOR.Mn(L) as a term, we substitute the free variables xi,. .. ,Xn for 
the propositional variables pi, . . . ,p„. We also identify the space of all structures with [0, l]'^. If A 
is a formula, then A induces a mapping A : [0,1]" [0,1] in the natural way: A((j) = cr{A). If 
A G FORMn{L), then the value of cr(A) is unaffected by changing the value of criq), for q ^ {pi, . . . ,Pn}- 
It follows that, with respect to A, the space of all structures is identifiable with the n-cube, and we may 
regard A as a function A : [0, 1]" [0, 1]. An easy induction over the complexity of A shows that A is 
a McNaughton function, hence an element of or Af„,, respectively. 

For A,Be F0RM{L), we write A = B ii the identity of terms A = B holds in every MV-algebra; 
equivalently, the identity A = B may be derived from L1-L4,C1 C11,M1-M8 by using the rules of 
the equational calculus. The relation = is a congruence, and the algebras F^^ = FORM{L) / = and 
Fn = FORM{L)„/ = are the free MV-algebras over lu and n generators, respectively. The function 
{A/=) A is a homomorphism of MV-algebras, either from F^ to M^, or from Fn to M„. 

Let us write Clpc for the consequence operation induced by the axiom schemas Axl-Ax4 of §2.4, 
along with modus ponens. The completeness theorem for the Lukasiewicz infinite-valued calculus can 
be expressed in any of the following forms: 

1. £ is weakly adequate for Clpc; 

2. = 1 iff A = 1; 

3. for every n, the homomorphism {A/=) i-^ A : F„ ^ M„ is injective; 

4. the homomorphism {A/=) 1— > A : i^,^ — > is injective; 

5. A = B iff A = B; 

6. F^^ belongs to the subvariety of MY generated by /; 

7. / generates MV. 

As remarked in §2.4, there are several different proofs of these statements. We sketch Chang's proof 
of (6) [16]. As a first step, Chang shows that every MV-algebra is a subdirect product of linearly ordered 
MV-algebras (we will see this in §3.2). This reduces the problem to proving that every totally ordered 
MV-algebra belongs to the subvariety of MV generated by /, i.e., that every identity which is true in / 
is also true in every totally ordered MV-algebra. 

Definition 3.1.3 A lattice ordered abelian group (^-group) is an algebra (G, — , 0, V, A) such that 
(G, -h, — , 0) is an abelian group, (G, V, A) is a lattice, and the identity a+{bVc) = {a + b)\/ (a + c) holds. 
A totally ordered abelian group (o-group) is an ^-group in which the lattice order is total. A strong unit 
of the ^-group G is an element m > of G such that, for every a € G, there exists m € N with a < mu. 

It is well known [107] that: 

a. every universal formula in the language — , 0, V, A) which is true in Q is true in all o-groups. 
Chang's fundamental idea is to associate: 
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b. to every totally ordered MV-algebra A'' a pair (Gjv,ujv), where Gn is an o-group, and un is a 
strong unit of Gn\ in particular, (R, 1) corresponds to 7; 

c. to every identity A = B ui the language of MV-algebras with free variables . . . , a;„, a quantifier- 
free formula ifAB{xi, . . . ,Xn,y) in the language of ^-groups; 

in such a way that: 

d. 1= Vxi . ..\/Xn{A = B) iff Gjv |= Va;i . . .^Xn^pAB{xi, . . .,x„,un)- 

Let now A = B he any identity in the language of MV-algebras with free variables xi, . . . ,Xn, let A'' 
be a totally ordered MV-algebra, and assume / \= Vxi . . .Va;„(A = B). We then have: 

R ^ Va;i . . .yxnipAsixi, ...,x„, 1), by (b) e (d); 

Q 1= Va;i . . . yxn^AB{xi, . . . , a;„, 1), because Q is an ^-subgroup of R; 

Q \= Va;i . . . V.T„Vy(0 < y ^ ipABixi, . . . ,Xn,y)), because, for every < c e Q, there exists an 
automorphism of Q that maps 1 in c; 

Gn \= Vxi . . .Vx„V7/(0 < 2/ tpAB{xi,. . .,x„,y)), by (a); 

Gn \= Vxi . . .WXn(pABixi, ■ ■ .,Xn,UN); 

HVxi...Vx„(A = B), by (d). 

It follows that the validity oi A = B in I implies the validity of ^ = -B in A?^, which is what we 
wanted to prove. 

In force of the completeness theorem, we can test if an identity holds in every MV-algebra by testing 

it in /. This fits nicely with the situation for Boolean algebras, where we test identities in 2. As 
McNaughton functions are continuous, we can actually test identities in the subalgebra of / whose 
elements are the rational numbers between and 1. It is a fortunate case that the computational 
complexity of the tautology problem does not increase: the set Clpc(0) = Gc{9) is co-NP complete [66]. 

Again by completeness, we know that Fn and F^j are subalgebras of M„ and M^. Actually, something 
stronger happens: McNaughton's theorem [59] is to the effect that the embedding (^/ =) i— > A is 
surjective, so that M„ and are isomorphic to the free MV-algebras over n and lu generators. This 
allows us to freely identify the formula A with its equivalence class {A/=), and with the function A; we 
shall do this in the sequel. 

In [65], Mundici extends the correspondence A'' i— > {Gn,un) to arbitrary MV-algebras. 

Definition 3.1.4 Let G,H be i'-groups, u a fixed strong unit of G, and v a fixed strong unit of H. A 

unital homomorphism (p : (G, u) {H, v) is an ^-group homomorphism ip : G —> H such that (p{u) = v. 
The category of i-groups with strong unit is the category whose objects are all pairs (G, it) , where G is 
an ^-group and m is a strong unit of G, and whose morphisms are the unital homomorphisms. 

Proposition 3.1.5 [65, Theorem 2.5] Let (G, u) be an £-group with strong unit u. Let T{G,u) be the 
structure 

T{G,u) = ([0,u],e,(8),-,0,l) 

defined as follows: 

[0, w] = {a€G:0<a<u} 
a®h = (a + b) Au 
a(g)6 = {a + b-u)VO 
-la = u — a 

= the additive identity of G 

1 = u 

Then T{G, u) is an MV-algcbra, and the lattice order induced by the MV operations coincides with the 
order inherited from the (-group G. Let ip : (G, ti) {H, v) be a unital homomorphism, and let Tip be 
the restriction of (p to [0, v] . Then the image of Tip is contained in [0, v], and Tip : r(G, u) — >■ T{H, v) is 
a homomorphism of MV-algcbras. ■ 
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Example 3.1.6 The set M[0, 1]" of all McNaughton functions over [0, 1]" is an ^-subgroup of the l- 

group R["'11", and 1 is a strong unit of it. Wc have M„ = r(M[0, 1]", 1). Analogously, the set M[0, l]'^ 
of all McNaughton functions over [0, l]'^ is an ^group and = r(M[0, 1]'^, 1). 

Example 3.1.7 Let Z ©icx Z be the o-group whose underlying abelian group is the direct sum of two 

copies of Z, and whose order is lexicographic: 

(a, fe) < (c, d) iff (a < c or (a = c and h < d)). 

Chang's algebra is the MV-algcbra C = T{Z ®iex Z, (1, 0)) [15, p. 474]. The order type of C consists of 
two copies of the natural numbers, each facing the other: 

(0, 0) < (0, 1) < (0, 2) < • • • < (1, -2) < (1, -1) < (1, 0). 

C is the prototypical example of a linearly ordered nonsimple MV-algebra (see §3.2). The element (0, 1) 
generates C, which is therefore a quotient of Mi. 

Theorem 3.1.8 [65, Theorem 3.9] F is a full, faithful, and representative functor {i.e., a categorical 
equivalence) between the category of £-groups with strong unit and the category of MV-algebras. In 
particular, for every MV-algebra N, there exists a unique £-group with strong unit {Gn,un) such that 
N is isomorphic to r(Gjv, un)- If N is countable, then Gn is countable. m 

The r functor allows us to translate facts and problems from MV- algebras to i?-groups, and conversely. 
The techniques in one field may be exported to the other and, since ^-groups have relevant connections 
to analysis (indeed, typical £-groups are groups of continuous functions) this correspondence can be 
further extended. As an example of this interplay, we cite [70], where all C*-algebras whose Kq group is 
lattice ordered, and which are limits of sequences of finite-dimensional C*-algebras, have been classified 
by means of MV-algebras. 

3.2 Ideals and representations 

Let N be an MV-algcbra. An ideal of is a subset J of N containing 0, closed midcr ®, and such that 
a < b £ J implies a € J; J is proper if J ^ M. Dually, a filter of A'" is a subset F of N containing 
1, closed under (g), and such that a > b G F implies a € F. Of course, J is an ideal iff {-^a : a G J} 
is a filter, and conversely. It is also easy to see that F is a filter iff F is closed under modus ponens 
{a,a ^ b £ F implies b € F) and contains 1; hence filters correspond to theories in the infinite- valued 
calculus. As usual, every ideal J induces the congruence ~j by 

a -J b iff -.(a ^ &) = (a (g) ^6) \/ (b(g)^a) € J 

and the equivalence class of under any congruence is an ideal. We write N/ J for the image of N under 
the natural epimorphism a ^ aj J = aj ~j. 

If X is any subset of N , then the filter X generated by X is the intersection of all filters containing X. 
It is not difficult to see that X coincides with the set of all a £ A^ for which there exist bi,b2, ■ ■ ■ ,br G X 
(not necessarily distinct) with bi b2 ■ • ■ br < a. If we translate this in terms of the Lukasiewicz 
calculus, we obtain the infinite- valued version of the Deduction Theorem [82, Theorem 2.2]: 

Ai,...,Ar\- B iff h (Ai (g) ^2 (g) • • • (g) ArY — > B for some t>l. 

Let J be a proper ideal of the MV-algebra N. J is maximal if it is not properly contained in any 
proper ideal. J is prime if, for any ideals Ji, J2, if J = Ji fl J2, then J = Ji or J = J2. 

Proposition 3.2.1 Let N, J be as above. 
1. The following are equivalent: 

a. J is prime; 

b. for every a,b E N, -^a (E) b G J or a -^b G J ; 

c. a f\b G J implies a G J or b G J; 

d. N/ J is totally ordered; 
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e. the set of ideals extending J is totally ordered by inclusion. 
2. The following are equivalent: 

f. J is maximal; 

g. if a ^ J, then there exists k gN such that (-■a)'^ G J; 

h. N/J is isomorphic to a subalgebra of I. m 

In [16, Lemma 2], Chang proves that an ideal which is maximal with respect to the property of being 
proper and cxchiding a given clement of N, is prime. By Zorn Lemma, this implies that the intersection 
of all prime ideals is 0, and hence that may be embedded in Hi-^/j^ : p is a prime ideal of A^}. This 
is the representation of an MV-algebra as a subdirect product of totally ordered MV-algebras we were 
referring to in the proof of the completeness theorem. If the intersection of all maximal ideals of N is 0, 
then by Proposition 3.2.1(2) we obtain a representation of iV as a subdirect product of subalgebras of 
I; we will state this in Proposition 3.2.3(3). 

In [21], Di Nola shows that every MV-algebra is an algebra of "black-and-white pictures", possibly 
with infinitesimal grey levels: 

Theorem 3.2.2 For cvcrj MV-algcbra N there exists a set X and a nonstandard real unit interval I* 
such that N is an algebra of functions : X ^ I* . ■ 

For any ideal J, let Rad J be the intersection of all maximal ideals extending J. It is known that 
Rad J = {o : a (g) (fca) G J for every fc > 1}. We say that N is: 

• simple, if is its only proper ideal; 

• semisimple, if Rad = 0; 

• hyperarchimedean, if all quotients of A'' are semisimple (i.e., Rad J = J for every ideal J); 

• complete, if (A'', V, A, 0, 1) is complete as a lattice. 

The clement a G A^ is complemented (i.e., -la V a = 1) iff a © a = a. As in the case of Post algebras, we 
denote by C{N) the Boolean algebra of all complemented elements of N. 

Theorem 3.2.3 Let N be an MV-algebra. 

1. The following are equivalent: 

a. N is simple; 

b. every nonzero element of N has finite order; 

c. N is a subalgebra of I. 

2. The following are equivalent: 

d. N is hyperarchimedean; 

e. prime and maximal ideals of N coincide; 

f. for every a G N, there exists n such that na G C{N). 

3. The following are equivalent: 

g. N is semisimple; 

h. N is a subdirect product of subalgebras of I; 
j. N is a subalgebra of a complete MV-algebra. 

4. (a) implies (d), and (d) implies (g), but not conversely. 

5. If N is totally ordered, then all the conditions (a)-(j) are equivalent. 
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Proof. (1) follows from Proposition 3.2.1(2). (e) =^ (d) is clear, while (d) => (e) follows from the 

equivalence of (a) and (c) in Proposition 3.2.1(1). The equivalence of (e) and (f) is a bit scattered 
in the literature; a simple proof can be obtained by applying the preservation properties of the F 
functor to [7, Theoreme 14.1.2]; see also [103]. We already discussed the equivalence {g) <s=^ (/i); the 
equivalence with (j) is proved in [50]. It is clear that (a) implies (d), which in turn implies (g). The 
direct product of two copies of / is a nonsimple hyperarchimedean algebra, while Mi is semisimple by 
(h), and not hyperarchimedean (Chang's algebra of Example 3.1.7 is a nonsemisimple quotient of Mi). 
Finally, assume that N is totally ordered and semisimple. Then the ideals above form a chain by 
Proposition 3.2.1(1). As N is semisimple, is a maximal ideal. ■ 



3.3 Free MV-algebras 

For any MV- algebra N, its spectrum SpecA^ is the set of all its prime ideals endowed with the hull- 
kernel topology: the closure oi U C SpecN is {p € Spec A" : p ^ f\ U}. MaxSpec A^ is the subspace of 
Spec A' whose points are the maximal ideals. In what follows, k varies in the set {1, 2, 3, . . . , w}. By [65, 
Proposition 8.1] the space [0, 1]'' is homeomorphic to MaxSpecM^ under the mapping a i-^ {A S M„ : 
A{a) = 0}; we freely write A € a for A{a) = 0. For U C [0, 1]", we denote by A\U the restriction of the 
function Ae M^to U, and by Mi^\U the MV-algebra {A\U : A e M^}. As it was to be expected, M^IU 
is isomorphic to M^/ C\U; all semisimple quotients of M^ are of this form. 

We may now characterize the subsets F of FORMAL) for which the completeness theorem holds in 
the strong form: 

CLPc(r) = Cc{T). 

Let Jr be the ideal of M^^ generated by {->B : B e F}; then A e CLPc(r) means -^A e Jr- On the other 
hand, we have 

A e Cc{T) iff Vct G [0, l]"(a(r) C {1} ^ a{A) = 1) 

iff Vct e [0, 1]'^(ct( Jr) C {0} ^ cr(-A) = 0) 
iff V(T G MaxSpecMa;(cT 3 Jr ^ -.A € a) 
iff ^^GRad(Jr). 

So the strong completeness theorem holds exactly for those F's for which Jr = Rad(Jr), i.e., for which 
M^/Jt is semisimple. This holds, in particular, if F is finite [47, p. 84]. 

Example 3.3.1 As we remarked in §2.4, adding a © a = a to the axioms of MV-algebras yields a 
subvariety of MV which coincides with the variety of Boolean algebras. All Boolean algebras are 
semisimple and hyperarchimedean, and the strong completeness theorem holds. 

The F functor preserves the lattice of ideals of the ^-group with strong unit {G,u). By well-known 
facts in ^-group theory [7], every MV-algebra has a compact, Tq, and sober spectrum {sober means 
that every closed set which is not the proper union of two closed sets is the closure of a point). A 
difficult and still open problem is to give a topological characterization of the spectra of MV-algebras. 
The function which associates to every prime ideal p of N the unique maximal ideal that extends p is 
a continuous retraction, and MaxSpec A' is a compact Hausdorff space. If A' is hyperarchimedean, then 
Spec A^ = MaxSpec A^ is totally disconnected, and coincides with the Stone space of C{N). In this case, 
A' is a Boolean product of subalgebras of I [103]. 

Let a : A' — > Q be a homomorphism of MV-algebras. Spec a : SpecQ Spec A" defined by 
(Spec a) (p) = a~^{p) is a continuous hmction. If p is a maximal ideal of Q, then (MaxSpec a) (p) 
1 1 is a maximal ideal of N. It follows that both Spec and MaxSpec are contravariant functors from 
the category of MV-algebras to the category of topological spaces and continuous functions. 

Definition 3.3.2 A McNaughton morphism over [0,1]** is a function / : [0,1]** [0,1]"" such that, 
for every projection m : [0, 1]'" [0, 1], = tTj o / is a McNaughton function. \ifog = gof = 
(identity function), for some McNaughton morphism g, then we say that / is a McNaughton homeomor- 
phism. 

If / is a McNaughton morphism over [0, 1]**, then the mapping /* : M^ Af^ defined by f*{A) = 
A o f is an endomorphism of M^. Equivalently, /* is the endomorphism determined by Xi i— > /». If 
a : M^ is an endomorphism, then MaxSpec a may be naturally identified with the McNaughton 
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morphism / : [0, l]** — > [0, l]** defined by /j = a{xi). As a matter of fact, upon identifying a G [0, 1]*^ 
with the maximal ideal {A e : A{a) = 0}, we have 

(MaxSpeca)(iT) = a~^{a) 

= {A : a{A) G cr} 

= {A:{a{A))(a)=0} 

= {^:(A(...,/„...))(a)=0} 

= {A:A{f{a))=0} 

= /(^)- 

If we regard the monoids of endomorphisms of and of all McNaughton functions over [0, l]** as 
single-object categories, we trivially verify that * is a contravariant isomorphism. By restriction to the 
invertible morphisms, we obtain an antiisomorphism between the group of automorphisms of and 
the group of McNaughton homeomorphisms of [0, 1]''. 

We may now characterize McNaughton homeomorphisms. Wc recall that an n-cell is a compact 
convex polyhedron of affine dimension k. A cellular complex W is a finite set of cells such that: 

1. if W contains the cell B, then it contains all faces of B; 

2. every two cells of W intersect in a common face. 

Theorem 3.3.3 [74] Let n > 1, and let f : [0, 1]" —>■ [0, 1]" be injective and continuous. Then f is a 
McNaughton homeomorphism if and only if the following condition holds: 

there exists a celluhir complex W. whose n-cells are Bi, . . . , B^, and there exist {n+1) x (n+1) matrices 
Pi , . . . , Pfe with integral entries, such that: 

1. PiU---UPfe = [0,1]"; 

2. Pi, . . . , Pfe have all determinant +1, or have all determinant — 1; 

3. every Pj has last column of the form 



V 1 / 

4. Pj expresses f\Bj in homogeneous coordinates {i.e., if a = (si,...,s„) € Bj and f{a) = 
(ri,...,r„), then (ri, . . . , r„, 1) = (si, . . . , s„, 1)P,). ■ 

Let / be a McNaughton homeomorphism, and let /x denote Lebesgue measure. Then, for any measu- 
rable subset U of [0, 1]", we have fj.{f{U)) = n{U); this follows from the unimodularity of the matrices 

Example 3.3.4 The only automorphisms of Mi are the identity and x i— > -^x. In fact, the length of 

any segment is preserved by every McNaughton homeomorphism /. If /(O) = 0, then /* is the identity 
function. If /(O) = 1, then /(o") = 1 — 0" for any rr € [0, 1], and hence J* : x ^ -ix. 

In addition to measure, McNaughton homeomorphisms preserve denominators. Let a = (si, . . . , s„) 
be a point of [0, 1]" having rational coordinates. There exist uniquely determined relatively prime 
integers bi, . . . , b„+i such that 6„+i > 1 and Si = bi/bn+i, for every i = 1, . . . ,n. We say that 6„+i is 
the denominator of a, and we define the k-grid Gv/. of [0, 1]" to be the set of all rational points in [0, 1]" 
having denominator k. Every McNaughton homeomorphism induces, for any k, a permutation of the 
k-grid onto itself. Let G be the group of McNaughton homeomorphisms over [0, 1]". For every k, we 
have a natural homomorphism : G — > Sym(Grft); let Hk be the kernel. By continuity, the intersection 
of all the HkS is the identity function, so that G is residually finite. Let Ik+i be the subalgebra of / 
generated by 1/fc. Then Mn\Grk is the free MV-algebra over n generators in the subvariety of MV 
generated by Ik+i, and preservation of denominators means simply that every automorphism of M„ 
induces an automorphism of M„|Grfe. It is not the case that every automorphism of Mn\Grk extends to 
an automorphism of M„; this follows easily from Example 3.3.4, by taking n = 1 and fc = 3. 
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4 Why many-valued logic? 

We now try to sum up our discussions, and to recapitulate the distinguishing features of many-valued 
logic. 

First of all, we think that many-valued logic is a mathematically interesting theory, with relatively 
deep theorems, and connections with other branches of mathematics. Some of these connections are 
apparent in §3; links with lattice theory and universal algebra are everywhere, while the classification of 
connectives involves functional equations. 

Secondly, certain issues of classical logic are clarified by the many- valued extensions. Such issues 
include the role of quantifiers, the introduction-elimination rules for connc'ctivcs, the relations among 
the various proof systems, the properties of consequence operations, the role of negation. 

Concerning negation, we are now forced to distinguish various cases of inconsistency/contradiction 
for a set of formulas F: 

1. the case in which every formula is deducible from F; 

2. the case in which F proves a formula A along with its negation -lA; 

3. the case in which F proves a specific formula (or set of formulas) which is assumed to express 



In particular, we can have a logic in which contradiction does not imply inconsistency, i.e., in which (2) 
holds, but not (1). Such logics arc. e.g., Bclnap's logic, or Mimdici's formalization of the Ulam game with 
lies. The introduction of new truth- values has also been proposed as an alternative to ncgation-as- failure 
in logic programming [20]. We consider this to be a third remarkable feature. 

As a fourth point, we stress that many- valued logic allows one to work truth- functionally on imprecise 
statements, provided complete information is given. Recall the distinction between degrees of truth 
( "The sky is rather blue" ) and degrees of belief ( "We are confident that tomorrow will not rain" ) . The 
former statement is not affected by increase of information, while the latter is. Although belief and 
probability are not truth-functional, truth can be treated truth-functionally. Once this distinction is 
clear, we may be satisfied with Scott's interpretation of the Lukasiewicz connectives, provided we read 
degree of falsehood for degree of error. Have a look again at the implication: A ^ B means now naturally 
"B is at least as true as A" . Hence the degree of falsehood oi A ^ B \n & state of affairs a is just the 
amount by which (j{A) dominates (j{B): in symbols 



which is Lukasiewicz implication. We already saw that the resulting non-idempotence of ® and (8> may 

be a welcome feature. Note that we arc not claiming that we know what a degree of truth is, nor that 
we must treat them truth-functionally. We are merely saying that there are statements to which it is 
reasonable to attach a label different from {true, false} , and that sometimes we can work out propagation 
rules for these labels. 

Let us try an example: consider an art critic, expert in Pietro della Francesca's works. He has 
detailed information about Pietro's paintings, and is fully confident with the artist style. A new painting 
is discovered, whose attribution is uncertain. How does the critic work? We can formalize the situation 
by declaring that the critic's knowledge is contained in a database fi, that examining the new picture 
he forms a second database w, and that he decides the attribution by confronting Q, and u). The kind of 
information contained in the two databases is hardly numeric or boolean. Rather, it is expressed in the 
form of statements like "In these circumstances, Pietro tends to use that colour" or "The posture of the 
hands is typical". This kind of statements are best visualized as fuzzy predicates over a set, as defined 
in §2.6. The comparison results in an averaging process, and its output is a truth value. Note that a 
numeric answer between and 1 is reasonable, and may even be unavoidable: indeed, many paintings 
in Pietro's times are works of the master's school, the artist painting the main figures only. Note also 
that some of the information contained in may result from works of dubious attribution. If so, is 
affected by a further level of approximation, and the final answer will be something like "It is plausible 
that this work is mostly due to Pietro". In next Chapter's notation, we have the evaluated formula 
[mostly-authentic{picture) ; plausible] . 



falsehood. 
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This extension of our example leads to our final point: many- valued logic provides the theoretical 
basis to fuzzy logic in the narrow sense. The picture we have in mind is the following: 



fuzzy 
[many; many] 



many-valued 
[many; two] 



probability /belief 
[two; many] 



classical 
[two; two] 



It is suggestive to think of fuzzy logic as a many-valued logic in which the imprecision migrates from 

facts to statements about facts, i.e., from the language to the metalanguage; in the evaluated formula 
notation, from the left to the right-hand side of ";" • People working in fuzzy logic may benefit from 
the by now well established corpus of techniques of many-valued logics; to cite an example, the original 
Pavclka proof [77] of the completeness theorem for fuzzy logic has been drastically simplified in [43] by 
making use of the classical completeness theorem of Lukasiewicz logic. 

References 

[1] A. Avron. Natural 3-valued logics — characterization and proof theory. J. of Symbolic Logic, 
56(l):276-294, 1991. 

[2] M. Baaz and C. G. Fermiiller. Resolution-based theorem proving for many-valued logics. J. Sym- 
bolic Computation. To appear. 

[3] M. Baaz, C. G. Fermiiller, and R. Zach. Elimination of cuts in first-order finite-valued logics. J. 
Informat. Process. Cybernet., EIK 29(6):333-355, 1993. 

[4] M. Baaz and R. Zach. Approximating prepositional calculi by finite-valued logics. In Proc. Inter- 
national Symposium on Multiple- Valued Logics, ISMVL'94, Boston/MA, USA. IEEE Press, Los 
Alamitos, 1994. 

[5] R. Balbes and Ph. Dwinger. Distributive Lattices. University of Missouri Press, 1974. 

[6] N. D. Belnap, Jr. A useful four- valued logic. In Dunn and Epstein [25], pages 5 37. 

[7] A. Bigard, K. Keimel, and S. Wolfenstein. Croupes et anneaux reticules, volume 608 of Lecture 
Notes in Math. Springer, 1977. 

[8] U. Blau. Die dreiwertige Logik der Sprache; ihre Syntax, Semantik und Anwendung in der Spra- 
chanalyse. De Gruj^er, Berlin, 1978. 

[9] A. Blikle. Three-valued predicates for software specification and validation. Fund. Inf., 14:387-410, 
1991. 

[10] W. J. Blok and D. Pigozzi. Algebraizable logics, volume 77 n. 396 of Mem. Amer. Math. Soc. 
Amer. Math. Soc, Providence, RI, 1989. 

[11] D. A. Bochvar. Ob odnom trehznacnom iscislenii ego primenenii k analizu paradoksov klassiceskogo 
rassirennogo funkcional'nogo iscislenia (On a 3-valued logical calculus and its applications to the 
analysis of contradictions). Matematiceskij sbornik, 4:287-308, 1939. 

[12] L. Bole and P. Borowik. Many- Valued Logics, I. Springer, 1992. Reviewed in [45]. 



31 



[13] W. A. Carnielli. Systematization of finite many-valued logics through the method of tableaux. J. 
of Symbolic Logic, 52(2):473-493, 1987. 

[14] W. A. Carnielli. On sequents and tableaux for many-valued logics. J. Appl. Non-Classical Logics, 
8(l):59-76, 1991. 

[15] C. C. Chang. Algebraic analysis of many valued logics. Trans. Amer. Math. Soc, 88:467-490, 
1958. 

[16] C. C. Chang. A new proof of the completeness of the Lukasiewicz axioms. Trans. Amer. Math. 
Soc, 93:74-80, 1959. 

[17] A. Church. Introduction to Mathematical Logic. Princeton University Press, 1956. 

[18] R. Cignoli. Free lattice-ordered abelian groups and varieties of MV-algebras. In Abad M., editor. 

Proceedings IX Latin America Symp. Math. Logic, volume 38 of Notas de Ldgica Matemdtica, pages 
113-118. Univ. National del Sur, Bahia Blanca, 1993. 

[19] R. Cignoli, 1. D'Ottaviano, and D. Mundici. Algebras das logicas de Lukasiewicz. Centro de Logica, 
Epistemologia e Historia da Ciencia, Campinas, Brazil, 1994. 

[20] J. P. Delahaye and V. Thibau. Programming in three-valued logic. Theoret. Comp. Sci., 78:189- 
246, 1991. 

[21] A. Di Nola. Representation and reticulation by quotients of MV-algebras. Ricerche di Matematica, 
40(2):291-297, 1991. 

[22] R. P. Dilworth and M. Ward. Residuated lattices. Trans. Amer. Math. Soc, 45:335-354, 1939. 

[23] P. Doherty and W. Lukaszewicz. NML3 — a nonmonotonic logic with explicit default. J. Appl. 
Non-Classical Logics, 2(l):9-48, 1992. 

[24] M. Dummett. A propositional calculus with denumerable matrix. J. of Symbolic Logic, 24(2) :97- 
106, 1959. 

[25] J. M. Dunn and G. Epstein, editors. Modern uses of multiple-valued logic. Reidel, Dordrecht, 1977. 

[26] P. Dwinger. A survey of the theory of Post algebras and their generalizations. In Dunn and Epstein 
[25], pages 53-75. 

[27] G. Epstein. The lattice theory of Post algebras. Trans. Amer. Math. Soc, 95:300 317, 1960. 

[28] M. Fitting. Bilattices in logic programming. In Proc. 20th International Symposium on Multiple- 
Valued Logic, pages 238-246. IEEE Press, 1990. 

[29] M. Fitting. Bilattices and the semantics of logic programming. J. Logic Programming, 11(1,2):91- 
116, 1991. 

[30] M. C. Fitting. Many-valued modal logic. Fund. Inf, 15:235-254, 1991. 
[31] M. C. Fitting. Many-valued modal logic II. Fund. Inf, 17:55-73, 1992. 

[32] R. R. R. Gill. The Craig-Lyndon interpolation theorem in 3-valued logic. J. of Symbolic Logic, 
35:230-238, 1970. 

[33] M. L. Ginsberg. Multivalued logics: a uniform approach to reasoning in artificial intelligence. 
Comput. Intell, 4:265-316, 1988. 

[34] K. Godel. Zum intuitionistischen Aussagenkalkiil. In Ergebnisse eines mathematischen Kollo- 
quiums, 1933. Reprinted in [35]. 

[35] K. Godel. Collected Works. Oxford University Press, 1986. 

[36] S. Gottwald. Mehrwertige Logik. Akademie-Vcrlag, Berlin, 1989. 

[37] R. Grigolia. Algebraic analysis of Lukasiewicz-Tarski's n-valued logical systems. In Wojcicki and 
Malinowski [110], pages 81-92. 



32 



[38] R. Hahnle. Tableau for many-valued logic. In M. D'Agostino, D. Gabbay, R. Hahnle, and J. Po- 
segga, editors, Handbook of Tableau Methods. Kluwer, Dordrecht. To appear. 

[39] R. Hahnle. Towards an efficient tableau proof procedure for multiple-valued logics. In E. Borger, 
H. Kleine Biining, M. M. Richter, and W. Schonfeld, editors, Selected Papers from Computer 
Science Logic, CSL'90, Heidelberg, Germany, volume 533 of Lecture Notes in Comp. Sci., pages 
248-260. Springer, 1991. 

[40] R. Hahnle. Automated Deduction in Multiple- Valued Logics. Clarendon Press, Oxford, 1993. 

[41] R. Hahnle. Short conjunctive normal forms in finitely-valued logics. Journal of Logic and Compu- 
tation, 4(6):905-927, 1994. 

[42] R. Hahnle and W. Kernig. Verification of switch level designs with many-valued logic. In A. Vo- 
ronkov, editor. Logic Programming and Automated Reasoning. Proceedings LPAR '93, number 698 
in Lecture Notes in Artificial Intelligence, pages 158-169. Springer, 1993. 

[43] P. Hajek. Fuzzy logic and arithmetical hierarchy. Fuzzy sets and systems. To appear. 

[44] P. Hajek, L. Godo, and F. Esteva. A complete many-valued logic with product-conjunction. Arch. 
Math. Logik Grundlag. To appear. 

[45] P. Hajek and R. Zach. Review of Leonard Bole and Piotr Borowik: Many- valued logics I. J. Appl. 
Non-Classical Logics, 4(2):215-220, 1994. 

[46] M. Hanazawa and M. Takano. An interpolation theorem in many-valued logic. J. of Symbolic 

Logic, 51(2):448-452, 1985. 

[47] L. S. Hay. Axiomatization of the infinite-valued predicate calculus. J. of Symbolic Logic, 43:76-77, 
1963. 

[48] S. Jaskowski. Recherches sur le systeme de la logique intuitioniste. In Hermann & Cie, editor, 
Actes du Congres International de Philosophic Scientifique, vol. 4, Philosophie des Mathematiques, 
pages 58-61, 1936. 

[49] Y. Kaluzhny and A. Y. Muravitsky. A knowledge representation based on the Belnap's four-valued 
logic. J. Appl. Non-Classical Logics, 1993. 

[50] Y. Kawano. On the structure of complete MV-algebras. J. of Algebra, 163:773-776, 1994. 

[51] S. C. Kleene. On a notation for ordinal numbers. J. of Symbolic Logic, 3:150-155, 1938. 

[52] S. C. Kleene. Introduction to Metamethematics. Van Nostrand, 1952. 

[53] S. Korner, editor. Philosophy of logic. Blackwell, Oxford, 1976. 

[54] J. Los and R. Suszko. Remarks on sentential logics. Indagationes Mathematicae, 20:177-183, 1958. 

[55] J. Lukasiewicz. O logice trojwartosciowej. Ruch Filozoficzny, 5:169-171, 1920. Translated in [58]. 

[56] J. Lukasiewicz and A. Tarski. Untersuchungen iiber den Aussagenkalkiil. Comptes rendus de la 
Societe des Sciences et des Lettres de Varsovie, 23 (iii): 30-50, 1930. Translated in [101]. 

[57] G. Malinowski. Many- Valued Logics. Oxford University Press, 1993. 

[58] S. McCaU. Polish Logic 1920-1939. Oxford University Press, 1967. 

[59] R. McNaughton. A theorem about infinite- valued sentential logic. J. of Symbolic Logic, 16:1-13, 
1951. 

[60] J. Menu and J. Pavelka. A note on tensor products on the unit interval. Comment. Math. Univ. 
Carolinae, 17:71-83, 1976. 

[61] T. Miyama. The interpolation theorem and Beth's theorem in many-valued logics. Mathematica 
Japonica, 19:341-355, 1974. 



33 



[62] C. G. Morgan. A resolution principle for a class of many-valued logics. Logique et Analyse, 
19(74-76) :31 1-339, 1976. 

[63] O. Morikawa. Some modal logics based on a three- valued logic. Notre Dame J. of Formal Logic, 
30(1):130-137, 1989. 

[64] A. Mostowski. On a generalization of quantifiers. Fund. Math., 44:12-36, 1957. 

[65] D. Mundici. Interpretation of AF C*-algebras in Lukasiewicz sentential calculus. J. of Functional 

Analysis, 65:15-63, 1986. 

[66] D. Mundici. Satisfiability in many-valued sentential logic is NP-complete. Theoret. Comp. Sci., 
52:145-153, 1987. 

[67] D. Mundici. The logic of Ulam's game with lies. In C. Bicchieri and M. L. Dalla Chiara, editors, 
Knowledge, Belief and Strategic Interaction, Cambridge Studies in Probability, Induction and 
Decision Theory, pages 275-284. Cambridge University Press, 1989. 

[68] D. Mundici. Ulam games, Lukasiewicz logic, and AF C*-algebras. Fund. Inf., 18:151-161, 1993. 

[69] D. Mimdici. A constructive proof of McNaughton's theorem in infinite-valued logic. J. of Symbolic 

Logic, 59:596-602, 1994. 

[70] D. Mundici and G. Panti. Extending addition in Elliott's local semigroup. J. of Functional 
Analysis, 117(2):461-472, 1993. 

[71] N. V. Murray and E. Rosenthal. Signed formulas: A liftable meta logic for multiple-valued logics. 
In Proceedings IS MIS '93, Trondheim, Norway, volume 689 of Lecture Notes in Comp. Sci., pages 
275-284. Springer, 1993. 

[72] E. Orlowska. Mechanical proof methods for Post Logics. Logique et Analyse, 28(110):173-192, 
1985. 

[73] P. Ostermann. Many-valued modal propositional calculi. Z. math. Logic Grundlag. Math., 34:343- 
354, 1988. 

[74] G. Panti. The logic of partially ordered abelian groups with strong unit. In Atti del XV Incontro 
di Logica Matematica di Camerino, pages 85-107. 1992. 

[75] G. Panti. A geometric proof of the completeness of the Lukasiewicz calculus. J. of Symbolic Logic, 
60(2):563-578, 1995. 

[76] J. B. Paris. The Uncertain Reasoner's Companion — a Mathematical Perspective. Cambridge 

University Press, 1994. 

[77] J. Pavelka. On fuzzy logic I,II,III. Z. math. Logic Grundlag. Math., 25:45-52,119-134,447-464, 
1979. 

[78] E. L. Post. Introduction to a general theory of propositions. Amer. J. Math., 43:163-185, 1921. 
Reprinted in [105]. 

[79] M. E. Ragaz. Arithmetische Klassifikation von Formelmengen der unendlichwertigen Logik. PhD 
thesis, ETH Ziirich, 1981. 

[80] H. Rasiowa. An algebraic approach to non-classical logics. Number 78 in Studies in Logic. North 
Holland, 1974. 

[81] N. Rescher. Many- Valued Logic. McGraw-Hill, 1969. 

[82] A. Rose and J. B. Rosser. Fragments of many- valued sentential calculus. Trans. Amer. Math. Soc, 
87:1-53, 1958. 

[83] J. B. Rosser and A. R. Turquette. Many-valued Logics. North-Holland, 1952. 
[84] G. Rousseau. Sequents in many-valued logic I. Fund. Math., 60:23-33, 1967. 



34 



[85] B. Scarpellini. Die Nichtaxiomatisierbarkeit des unendlichwertigen Pradikatenkalkiils von 
Lukasiewicz. J. of Symbolic Logic, 27(2):159-170, 1962. 

[86] P. K. Schotch, J. B. Jensen, P. F. Larsen, and E. J. Maclellan. A note on three-valued modal logic. 

Notre Dame J. of Form,al Logic, 14:63-68, 1978. 

[87] D. Scott. Does many- valued logic have any use? In Korner [53], pages 64-74. 
[88] P. A. M. Seuren. Discourse Semantics. Blackwell, Oxford, 1985. 

[89] R. M. SmuUyan. First-Order Logic. Dover, 2nd corrected edition, 1995. First published 1968 by 

Springer. 

[90] T. P. Speed. A note on Post algebras. CoUoq. Math., 24:37-44, 1971. 

[91] Z. Stachniak. Nonmonotonic theories and their axiomatic varieties. J. of Logic, Language, and 
Information. To appear. 

[92] Z. Stachniak. Resolution Proof Systems: an Algebraic Theory. To appear in the Automated 
Reasoning Series, Kluwer. 

[93] Z. Stachniak. Extending resolution to resolution logics. J. of Experimental and Theoretical Artificial 
Intelligence, 3:17-32, 1991. 

[94] Z. Stachniak. Algebraic semantics for cumulative inference operations. In Proceedings of the 

AAAVOS, pages 444-449, 1993. 

[95] Z. Stachniak and P. O'Hearn. Resolution in the domain of strongly finite logics. Fund. Inf., 
13:333-351, 1990. 

[96] W. Suchoh. La methode de SmuUyan de construire le calcul n-valent de Lukasiewicz avec implica- 
tion ct negation. Reports on Mathematical Logic, Universities of Cracow and Katowice, 2:37-42, 
1974. 

[97] S. J. Surma. An algorithm for axiomatizing every finite logic. In D. C. Rine, editor. Computer 
Science and Multiple- valued Logic: Theory and Applications, pages 137-143. North-Holland, 1977. 

[98] M. Takahashi. Many-valued logics of extended Gentzen style I. Science Reports of the Tokyo 
Kyoiku Daigaku, 9:271-292, 1967. 

[99] M. Takahashi. Many- valued logics of extended Gentzen style II. J. of Symbolic Logic, 35(4):493- 
528, 1970. 

[100] M. Takano. Subformula property in many-valued modal logics. J. of Symbolic Logic, 59(4):1263- 
1273, 1994. 

[101] A. Tarski. Logic, Sem,a,ntics, Metamathematics. Oxford University Press, 1956. Reprinted by 
Hackett Publ. Co., Indianapolis, 1981. 

[102] S. K. Thomason. Possible worlds and many truth values. Studia Logica, 37:195-204, 1978. 

[103] A. Torrens. W-algebras which are Boolean products of members of SR[1] and CW-algebras. Studia 
Logica, 46(3):265-274, 1987. 

[104] A. Urquhart. Many-valued logic. In Handbook of Philosophical Logic, volume III, pages 71-116. 
Reidel, Dordrecht, 1986. 

[105] J. van Heijenoort, editor. From Frege to Gddel. Harvard University Press, Cambridge, MA, 1967. 

[106] A. Wasilewska. A constructive proof of Craig's interpolation lemma for m-valued logic. Studia 
Logica, 38(3):267-275, 1979. 

[107] V. Weispfenning. Model theory of abclian ^-groups. In A. M. W. Glass and W. C. Holland, editors. 
Lattice- Ordered Croups, pages 41-79. Kluwer, 1989. 

[108] R. Wojcicki. Some remarks on the consequence operation in sentential logic. Fund. Math., 68:269- 
279, 1970. 



35 



109] R. Wojcicki. Theory of Logical Calculi: Basic Theory of Consequence Operations. Kluwer, 1988. 

110] R. Wojcicki and G. Malinowski, editors. Selected papers on Lukasiewicz sentential calculus. Polish 
Academy of Sciences, Ossolineum, Wroclaw, 1977. 

Ill] R. G. Wolf. A survey of many- valued logic. In Dunn and Epstein [25], pages 167-323. 

112] A. Wronski. On the cardinalities of matrices strongly adequate for the intuitionistic propositional 
logic. Reports on Mathematical Logic, 3:67-72, 1974. 

113] A. Wronski. Remarks on a survey article on many valued logic by A. Urquhart. Studia Logica, 
46(3):175-178, 1987. 

114] R. Zach. Proof theory of finite- valued logic. Master's thesis, Technische Universitat Wien, 1993. 



36 



